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To be successful in this chapter, you'll need to understand these concepts
and be able to apply them. Refer to the lesson in parentheses if you need
more review before beginning the chapter.

Determine the number of roots of a quadratic equation by
examining the graph.
Graph each equation. Then give the number of real solutions.
Lx2+3x—-5=0 2.2 +x+6=0 3. x% + 20x + 100 = 0

Divide polynomials using long division.
Simplify.
4. (2 -2y =300+ (y+ 1) 5. (3a% — 14a — 24) + (3a + 4)

Divide polynomials by binomials using synthetic division.

Use synthetic division to find each quotient.
6. (B+2x2-3x+D+x+1D
7. Bx3 — X2 +5x—2) + (x — 2)

Use discriminants fo determine the nature of roots of quadratic
equations. {Lesson &4
Find the value of the discriminant and describe the number and
nature of the roots (real, imaginary, rational, irrational) of each
guadratic equation.

8. 2+12¢+5=0 8. 22+ 3z+4=0

10. ¢ —12d + 36 =0 11. 2x2-x-3=0
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In this chapter, you will learn about pefynomial
functions. You have already learned that a polynomial
is a monomial or sum of monomials. You have also
learned that a function is a special type of relation in
which each element of the domain is paired with exactly
one element from the range. A polynomial function

is a function in only one variable. An example is

Flx) = x4 + 2x3 — 5x + 9, where x is the only variable.
You will learn techniques for graphing and solving
polynomial functions in this chapter.
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G7VOULL LEARN YNNECT!

¢ To evaluate polynomial Bioclogy
functions, and

e fo identify general .
shapes of the graphs of Calvin and Hobbes by Bill Watterson

polynomial functions. .
LFE 1S FUL VY
CF PRECLUDED
POSSIBWITIES.

FOR EXAMPLE, RIGHT NOW, THE SERENGETL 1S W
INSTEAD OF WAITING FOR THE | AFRICA, NOU COULDNT
SCHOOL BUS, T COULD STICK | REALIY WITCH
OUT MY THUMB, HITCH A RIDE, | A RIDE THERE
AND SPEND THE REST OF WY
LIFE N THE SERENGETY, .
MIGRATING WITH THE ~

WILDEBEESTS ! ;

B

YIT'S IMPORTANT

sy

1o 9 T

You can use polynomial
functions to solve
problems involving
biology and energy.

¥ meopus ssmyg

Calvin has to give up his ambition of migrating with
the wildebeests when he learns that they live on
another continent. The Serengeti Plain is a wild
game reserve in Africa where herds of wildebeests,
or gnus, roam. The population of wildebeests on
the Serengeti Plain can be described by the function

ARX)
- 200,000

a L X

B T

f(x) = —0.125x5 + 3.125x% + 58,000, where x -20 =10 G "10 20 130
represents the number of years since 1990. The graph + -100,000

at the right shows this function. The expression T

~0.125x5 + 3.125x% + 58,000 is a polynomial in one | —200.000
variable. You will find the population of wildebeests in '

Example 2.

‘ . A polynomial of degree n in one variable x is an expression of the
. Definition of a Polynomial . form agx™ + ayx"~1 + ... + a,_sx? + a,_yx+ a,, where the
in One Variable " coefficients dg, @y, g, . -+ , O, represent real numbers, ag is not zero,
and n represenis a nonnegative infeger.

In Chapter 2, linear functions, which are degree 1, were identified and
graphed. In Chapter 6, quadratic functions, which are degree 2, were identified
and graphed. In general, the degree of a polynomial in one variable is
determined by the greatest exponent of its variable.

T
Constant 4 0
Linear x4+ 8 ]
Remember that 4 = 4x" and Quadratic | 3x2 + 4x — 3 2
x4+ &§=x + 8x0. Cubic 4x3 =5 ) 3
General agx™ + a1x”_] 4.+ an;~~2x2 +a, qx+a, n

478 Chapter 8 Exploring Polynomial Functions



Example

L Stewart
8 (1983~ )
Joshua Stewart hecame the
youngest climber to reach the
19,340-foot summit of Kilimanjaro,
when he reached the peak with his
father and Africun guides in 1994
at the age of 11. This mountain,
located near the Serengeti Plain in
Tanzania, is the highest peak in

Africa,

Determine if each exp
determine its degree.
a 6x?+3x2 +4x-§

ression is a polynomial in one variable. If so,

This is a polynomial in one variable, x. The degree is 4.

b. 9x3y5 4+ 2x2y6 — 4
This is not a polynomial in one variable, It Eontains two variables, x
and y. ‘ o

c 734 442 -

This is not a polynomial, because the variable has a negative exponent.

d. 5x7 + 3x2 + 2
X

This is not a polynomial, because the term ;2(— carmbt be written in the

form x", where n is a nonnegative integer.

When a polynomial equation is used to represent a function, the function
is a polynomial function. For example, the equation f(x) = 4x2 — 55 + 2
describes a quadratic polynomial function, and the equation p(x) = 2x3 +
4x% ~5x + 7 describes a cubic polynomial function. These and other

polynomial functions can be defined by the following general rule.

Definition of o
Polynomial Function

A polynomial function of degree n can be descr
the form P(x) = Gox"+ a4+ g
the coefficients Uy, dy,

ibed by an equation of
X2 4 o, X+ a,, where
Goseee, Oy 4, and @n represent real numbers,
@ is not zero, and n represents a nonnegative infeger.

Example

If you know an element in the domain of any polynomial function, you can
find the corresponding value in the range. Remember that if f(x) is the function

and 4 is an element in the domain, the corresponding element in the range is
f(4). To find F(4), evaluate the function for x = 4.

Refer to the application at the beginning of the lesson. Use the
polynomial function to estimate the population of wildebeests in 1995,

X represents the number of years since 1990, 1995—-1990 or 5.
) = —0.125x5 + 3.125x4 + 58,000
f(5) = ~0.125(5)° + 3.125(5)4 + 58,000
= —390.625 + 1953.125 + 58,000 or 59,562.5

f

a. Find pla + 2) if p(x) = 23 — 2 + 1.

pla+2)y=(a+27>-2a+2)+1
=a3+602+12a+8~20~4+1
=a’+ 6a% + 10q + 5 (c

lesson 8-1

Polynomial Functions
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b. Find —2p(a) + p(a + D) if p@) = x3 + 3x2 — 5.

—2p(a) + pla + 1) = [-2(a® + 3a%> — 5)] + [(a + 1)3 + 3(a + 1)% - 5]
=—2a3-6a2+10+a3>+3a%2+3a+1+3@+2a+1)-5
=-2a3-6a>+10+a3+3a>+3a+1+3a>2+6a+3~5
= —a3+9a+9

The graphs of several polynomial functions are shown below. Notice how
many times the graph of each function intersects the x-axis. In each case, this
is the maximum number of real zeros the function may have. How does the
degree compare to the maximum number of real zeros?

Quadratic function

T

Constant function Linear function

} 1) b0 4
- - - \
ol / X et i .
i . f{ Y O é,b X
o] X /- 31 /
i!f \\%«f}
¥ ;gsf . ¥ ¥
) = 2 o) =3x -3 () = x2 + 2x — 3
Degree 0 Degree 1 Degree 2

Cubic function
Mx) &

fx) = x3 — 5x +
Degree 3

2

Quartic function

§ i
b
[ |
A
[ B
. W
o 1 x
[ H
¥

Degree 4

FOO) = x% — 3x3 — 2x2 + Tx + 1

Quintic function

A(x)

i
i
1
|

F(X) = x® — 5x3 + 4x
Degree 5

These are the general shapes of the graphs for polynomial functions with
degree greater than 0 and positive leading coefficients. The leading coefficient
is the coefficient of the term with the highest degree. So, for the function

f(x) = 5x3 + 2x2 + 8x — 1, the leading coefficient is 5.

Notice that the simplest polynomial graphs have equations in the form
f(x) = x", where n is a positive number. Note the general shapes of the graphs
for even-degree polynomial functions and odd-degree polynomial functions.

even-degree potynomiol functions

480  Chapter 8 Exploring Polynomial Functions
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L.OOK BACK

: Refer to Lesson 6-1 for
a review of roots of

| quadratic equations. ﬁ

Example

Communicating
Mathematics

Note that the even-degree functions are tan
When this happens, the functi
number. For example, x2 — 6y -
So 3 is the root of the equation.

An even-degree function

are all imaginary. An odd-de

Determine if each graph represents an odd
degree function. Then state how many real

b.

may or may not intersect the x-
its location in the coordinate plane. If it does not intersect

gree function always crosses t

gent to the x-axis at the origin.
on has two zeros or roots that are the same
t 9 = 0 can be factored as (x = 3)x - 3) = 0.

axis, depending on
the x-axis, its roots
he x-axis at least

-degree function or an even-
zeros each function has,

a4 #(x) } rf(x) LooC b f(x)
‘% ;EE e j . B e
% i ; K\ ; -
:i O g ﬁ; f 0 n\ ;j 7 O 7
\ / |
P i
S p—y
i b |
G“ak h left-most ,V’righf-mo‘st‘ | degree of | fimes graph | number of
- ‘ka’;’ngulugs | yvalues | function | crosses x-axis real zeros
a. positive positive even 2 2
b. | negative positive odd 3 3
€. positive positive even 0 0

In Chapter 2, you studied families of graphs of |
6, you studied families of parabolas. Some familie
equations are shown below. The equation below
the parent graph for that family.

Inear equations. In Chapter
s of graphs of polynomial
each graph is the equation of

[

Study the lesson.

Then complefe the foliowing.

- Refer to Example 4. What appears to be the degree of each function?

2. Describe the characteristics of the graphs of odd-degree and even-degree
polynomial functions whose leading coefficients are positive.

3. State how many real zeros are possible for each

4. quartic

b. linear ¢. quadratic

Llesson 8-1

polynomial function,

d. quintic e. cubic

Polynomial Functions
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S,

f%fm—: fourNAL

Guided
Prochice

4. Sketch the graph of an odd-degree function with a positive leading
coefficient and three real roots.

5, You Decide Carlos explains to his friend Zach, “The graphs of odd-degree
polynomial functions always intersect the x-axis an odd number of times,
and the graphs of even-degree functions always intersect the x-axis an
even number of times.” Zach doesn’t believe this is always the case. Who
is correct? Give an example to support your answer.

y=~5x y=5x
Lkt
¥e ~xy 3‘ H é:,§
‘k By [5 N
6. Look at the family of graphs at the right for the ¥ :—-ig;xi*\\‘g&‘ [ /=t
function f(x) = x3. Investigate the relationship < S8 {’a"\ .
between the similar functions and their graphs. /; I 5 X
1
l’if ; ‘i% E\a
EIERTE

Find the degree of each polynomial in one variable. If it is not a
polynomial in one variable, explain why.

7. 4¢3 + 812 + 2t — 1 8. 9ab? + 4ab + 3 9. Tx3—8x5 +8x—7

identify each polynomial function as linear, quadratic, cubic, quartic,
or quinfic. State the degree and how many real zeros are possible.

10. A(X) = 6x3 + 8x + 7 . £ =3x>+ x4 = 5x3 + 6x+ 9
12. f(x) = 2x +5 13, £(%) = 5x3 + 6x2 — 8x% — 10x + 17

Match the polynomial and its functional value.

14. p(x) = 3x% +4x + 5 a. p(4) = —166
15. p(x) = x4 — 7x3 + 8x — 6 b. p(5) = 100
16. p(x) = Tx* — 9x + 10 c. p(—4) = —259
17. p(x) = 4x3 — 2x2 — 6x + 5 d. p(-=2) =56
18. Refer to the graph at the right. Lhf(x)
a. Determine whether the degree of the function |
is even or odd. A\ ;[
b. How many real zeros does the polynomial ol NS "
function have? 'éi\w‘/ oF x
Find p{2) and p{—1) for each function. ¥

19. p(x) = 2x2 + 6x— 8§ 20. p(x) = —-3x* +1

Find f{> + h) for each function.

21. f(x) =2x — 3 22. f(x) = 4x*

" 23. Energy The power generated by a windmill is a function of the speed of

3

3
the wind. The approximate power is given by the function P(s) = 13

where s represents the speed of the wind in kilometers per hour. Find the
units of power generated by a windmill when the wind speed is 25
kilometers per hour.

482 Chapler 8 Exploring Polynomial Functions



Practice  Determine whether the degree of the function represented by each
graph is even or odd. How many real zeros does each polynomial

function have?

) s 4 1x)
2. | HOf s, D g PN
\ / I f \\wﬁ/f E\y._,f/f
i-% ‘/f\\ 7 sf Y j’ &
= T Y ; et < .4( — > o X
\ \QO 7/ X / O X
o |
v ¥ \
Find p(3) and p(—2) for each function.
27. p(x) = 5x + 6 28. p(x) = x2 = 2x + 1
29. p(x) =2x3 —x* = 3x+ 1 30. p(x) = x5 — x2
31. p(x) = —x*+53 32, p(x) = x>+ 5x% — 15x2 - 8
Find f(x + h) for each function.
33. fx)=x+2 3. fx)y=x~4
35. f(x) = 5x*4 36. f(x) =x% ~2x +5
37. () =3x2 +7 38, fO) =x% + x

Find 4[p(x]] for each function.

39. p() =x2 +5 40, p(¥) = 633 — 4x2 + 2 41, p(x) = ﬁj. + I
Find an equation for each graph.
42. [ Afll) ; 43. ¥(x) 44, () 4
E‘ Nk 5
b bl ARNE |
/ | AR ANL R
i PERVAR N 4] 20k 2 | hx
HEAVAREN o L T Tx / NSy
[s] X : ] RN/ A
| / AN \
%’ \ A =3 ¥ ‘ S

45. Sketch a graph of a polynomial function f(x) that has the indicated number
and type of zeros.

a. 5real b. 3real, 2 imaginary ¢ 4 imaginary

Find 2p(a) + p{a — 1) for each function.
46. p(xX) = 4x + 1 47. p) =x*+3 48 p(x)=x% -5x+8

Find 2[f(x + 3)] for each function. ’
49. f(x) = 2x + 9 50. f(x) = x2 — 6 51. f(x) = x2 + 3x + 12

@E‘@ﬁ@?ﬁﬁg 52. Sketch a graph that matches each description. Write an equation for the
Cobeulator graph of each function.

a. a quadratic function with zeros at —1 and 2.

b. a cubic function with zeros at —2, —1, and 2.

¢. a quartic funetion with zeros at —2, -1, 1, and 2.

d. a quintic function with zeros at —2, ~1,0, 1, and 2.

lesson 81 Polynomial Functions 483



Critical 53

Thinking

54,

Applications and 55

Problem Solving

56.

Beview

58.

59.

60.
61.

62,

63.

64,
65.

66.

Although a fourth-degree function can have as many as four real zeros,
P(x) = x* + x% + 1 has no real zeros. Can you explain why?

The graph of the polynomial function
f(x) = ax(x — 4)(x + 1) goes through the
point at (5, 15).

a. Find the value of a.

b. Sketch the graph of the function.

Biology The intensity of light emitted by a
firefly can be determined by the polynomial
function L(t) = 10 + 0.3¢ + 0.4t2 — 0.01¢3, where
tis the temperature in Celsius and L(¢) is the light
intensity in lumens. If the temperature is 30° C,
find the light intensity.

Patterns If you look at a cross section of a honeycomb, you see a pattern
of hexagons. This pattern has one hexagon surrounded by six more
hexagons. Surrounding these is a third “ring” of 12 hexagons, and so on.
Assume that the pattern continues.

a. Find the number of hexagons in the 4th ring.

b. Make a table that shows the total number
of hexagons in the first ring, the first two rings,
the first three rings, and the first four rings.

¢. Show that the polynomial function
h = 3r2 — 3r + 1 gives the total
number of hexagons whenr = 1, 2, 3.
Identify the domain and range of this
function.

d. Use the equation to find the total number
of hexagons in a honeycomb with 12 rings.

. Seismology Two tracking stations have detected an earthquake. The first

station determined that the epicenter was 25 miles away. The second
station determined that the epicenter was 42 miles away. If the first station
is located at the origin and the second station is 50 miles due east of the
first station, where could the epicenter have been? (lesson 77}

Write the standard form of the equation x2 + 4y? = 4. Graph the equation
and state whether the graph is a parabola, a circle, an ellipse, or a
hyperbola.

Find two numbers whose difference is —40 and whose product is a
minimum.

Solve Vn + 12 — \/I; = 2. {lesson 5-8)
BCY Practice Vad-Val=

3 1 3
A qlé B a2 Cat Da Ea

Determine the dimensions of the product Ay - Byy 3. {lesson 4-3)

i i

Ay
i1 Gedd )

2
4

[~

. -9 61.[7-3 18 oy
Fmd[ 5 19J : [_4 12}. {Lesson 4-2]
In which octant does the point at (7, —2, 9) lie? {lasson 3-7]

Solve the system of equations by using either the substitution or
elimination method. {lesson 3-2]

2x —v =36
3x — %y =26
Evaluate 2 ] ~3x \ -9if x = b.

484  Chapter 8 Exploring Polynomial Functions



VOU'LL LEARN

¢ To find factors of
polynomials by using the
factor theorem and
synthetic division.

Wy 115 MPORT ANT

You can use the
remainder and factor
theorems to find factors
of polynomials that
model situations in
engineering ond
architecture.

LOOK BACK

' Refer to Lesson 5-3 for

a review of synthetic

o division. /ﬁgy

Sporis

A javelin is usually thrown from about shoulder height, around 5 feet off the
ground. It is not unusual for the javelin to start off with an upward velocity of
about 74 feet per second. Based on this information, one can determine that
the height of a javelin ¢ seconds after it is thrown can be described by the
function h(f) = —16¢2 + 74t + 5, if the effect of air resistance is ignored. The 16
in the function is associated with the strength of the Earth’s gravity; if the

javelin were thrown on another planet, there would be a different number in
the equation.

The graph of A(f) is shown at the right. g 4 B(H) P
Notice that when ¢ = 0, the value of h() is 5. T e
Suppose we find the height of the javelin " Height 0T /;,(,) = —1612 D41+ 5
after 3 seconds. () 50 T / \\
h(t) = —1612 + 74t + 5 071/ \
h(3) = —16()2 + TAB3) +5 Heplace 1 with 3 [ S
0 t
= —144 + 222 + 5 bl
= 83

After 3 seconds, the height of the javelin is 83 feet.
Divide the polynomial in the function by ¢t — 3, and compare the remainder
to h(3).

Method 1: Long Division Method 2: Synthetic Division

—16¢ + 26
t—3)-1612 + 74t + 5 3/-16 74 s
—1612 + 48 —48 78
26145 ~16 26 |83
26t ~ 78

S5

Notice that the value of A(3) is the same as the remainder when the polynomial
is divided by ¢ — 3. This illustrates the remainder theorem.

The Remainder
Theorem

If a polynomial (x) is divided by x — a, the remainder is the constant
f{a), and

dividend = quotient - divisor + remainder
f(x) = q(x) - (x ~ &) + {a),

where g(x) is a polynomial with degree one less than the degree of
f{x). .

Llesson 8-2 The Remainder and Factor Theorems 485
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Example

Let f(x) = 3x* — x3 + 2x — 6. Show that f(2) is the remainder when ()
is divided by x — 2.

Use synthetic division to divide by x — 2.

2/ 3 -1 0 2 -6

6 10 20 44 Long division could also be used.
3 5 10 22|38

The quotient is 3x3 + 5x2 + 10x + 22 with a remainder of 38.

Now find £(2). () =324 - @23+22 -6
=48 —8+4—6o0r38

Thus, f(2) = 38, the same number as the remainder after division by x — 2.

As illustrated in Example 1, synthetic division can be used to find the value
of a function. When synthetic division is used to find the value of a function, it
is called synthetic substitution. This is a convenient way of finding the value of
a function, especially when the degree of the polynomial is greater than 2.

Example

If £(x) = x* + 2x3 — 10x? + 5x — 7, find £(8).

Method I: Synthetic Substitution

When f(x) is divided by x — 8, the remainder is £(8). o

8l 2 -10 5 -7
8 80 560 4520
1 10 70 565 4513

The remainder is 4513. Thus, by synthetic substitution, f(8) = 4513.

Method 2: Direct Substitution

£(8) = (&)1 + 2(8)° — 10(8)% + 5(8) — 7
= 4096 + 1024 — 640 + 40 — 7 or 4513

L

By substitution, f(8) = 4513, the same result as by synthetic substitution.

Consider f(x) = x* + x3 — 13x% — 25x — 12. lf f(x) is divided by'x — 4, then
the remainder is 0. Therefore, 4 is a zero of f(x).
41 1 -13 -5 -2
4 200 28 12
1 5 7 3 ] 0

The quotient of f(x) and x — 4 is X%+ 5xA2 + Tx + 3.
Check: FA(x) = x*+ x3 — 13x2 — 25x — 12
f4) £ (% + (43 — 13(4)2 — 25(4) — 12
0% 256 + 64 — 208 — 100 — 12
0 == 0 MA»

Chapter 8  Exploring Polynomial Functions



From the results of the division and by using the remainder theorem, we can
make the following statement.

dividend = guotient © o divisor -+ remainder
X+ a3 =182 — 5% — 12 = (3 4+ 5x2 4+ T+ 3) - x—4) + 0
Since the remainder is 0, x — 4 is a factor of x4 + x3 — 13x2 — 25x — 12. This

illustrates the factor theorem, which is a special case of the remainder
theorem.

The Facior Theorem

The binomial x — a is a factor of the polynomial f{x) if and only if
f(a) = 0.

Example

Engineering

Suppose you wanted to find the zeros of f(x) = g-} 8\"!1? ;
x3 ~ 6x2 + 3x + 10. From the graph at the right, XY= 3= 1622+ 3% 4
you can see that the graph crosses the x-axis at —1, ol i
2, and 5. These are the zeros of the function. Using st o y X
these zeros and the zero product property, we can - ‘\;
express the polynomial in factored form. ;! 5 K\\ [

Q
j RN

f(x) =+ D — 2)(x — 5)

A4

Many polynomial functions are not easily graphed and once graphed, the
exact zeros are often difficult to determine. The factor theorem can help you
find all the factors of a polynomial. Suppose we wanted to determine if x — 3 is
a factor of x3 + 5x2 — 12x — 36 and, if it is, what the other factors are.

Let f(x) = x3 + 5x2 — 12x — 36. The binomial x — 3 is a factor of the
polynomial if 3 is a zero. Use the factor theorem.

31 5 -12 -36
3 24 36

1 8 121 0

Since the remainder is 0, x — 3 is a factor of the polynomial. Further, since
x — 3 is a factor of the polynomial, it follows that the remainder is 0.

When you divide a polynomial by one of its binomial factors, the quotient is
called a depressed polynomial. The polynomial x3 -+ 5x2 — 12x — 36 can be
factored as (x — 3)(x% + 8x + 12). The polynomial x2 + 8x + 12 is the
depressed polynomial, which also may be factorable.

x% + 8x + 12 = (x + 2)(x + 6)
S0, x% + 5x% ~ 12x = 36 = (x — 3)(x + (x + 6).

’ When a certain type of plastic is cut into sections, the length of each
section determines the strength of the plastic. The function

(9 = x* — 14x% + 69x2 — 140x + 100 can describe the relative
strength of a section of length x feet. Sections of plastic x feet long,
where F(x) = 0, are extremely weak. After testing the plastic, engineers
discovered that sections 2 feet long and 5 feet long were extremely weak.
a. Show that x — 2 and x — 5 are factors of the polynomial function.
b. Find other lengths of plastic that are extremely weak, if they exist.

lesson 8-2  The Remainder and Factor Theorems 4&8&7




a 2| 1 -14 69 —140 100
2 -24 90 =100
1 —12 45 =50 | 0

The remainder is 0, so x — 2 is a factor of x* — 14x3 + 69x% —
140x + 100.

So, x* — 14x3 + 69x2 — 140x + 100 = (x3 — 12x2 + 45x —50)(x — 2).

5] 1 -12 45 -50
5 -35 50
1 -7 100

The remainder is 0, so (x — 5) is a factor of x* — 14x3 + 69x2 —
140x + 100.

So, x4 — 14x3 + 69x% — 140x + 100 = (x — 2)(x — 5)(x? — Tx + 10).

B. Are there other values of x at which f(x) = 0? If so, sections of plastic
with these lengths will be extremely weak.

Factor the depressed polynomial, if possible.
x2 — Tx +10 = (x — 2)(x — 5)

So, x4 — 14x3 + 69x% — 140x + 100 =
(x — D(x — 5)(x — 2)(x — 5) or AM(
(x = 2)% (x = 5. ’ T

T
—t
=y

P
B
=
(=]

o

L
Y

NS S e 5

! . \? | + 140x + ﬂ([m
The graph of the polynomial function ' ;! T

o touches the x-axis at 2 and 5. Thus, i

the only lengths of plastic that are i 4 f

extremely weak are 2 feet and [e} "

5 feet long. \ \

Communicating  Study the lesson. Then complete the following.

Mathematics
’ 1. If the divisor is a factor of a polynomial, then what is the remainder after
division?
e
2. You Decide Jack tells Mayuko that if x — 6 is a factor of a polynomial
f(x), then f(6) = 0. Mayuko argues that if x — 6 is a factor of f(x), then
f(—6) = 0. Who is correct? Explain.
3. a. State the zeros of the polynomial P(x) whose A P(k)4 4 |
graph is shown at the right. ‘ﬂ% y [ ;
b. Describe what P(x) + 100 would look like. O
How many real zeros would it have? AEENY 1‘0' i
i 15 |
4. State the degree of each polynomial. Then state P H=1x8 ol 1dx L e
the degree of the depressed polynomial that \ 125 1
would result from dividing the polynomial by 7 ZE L
one of its binomial factors. v ‘
a. 4x4 +3x3 —5x2 + 8 b. 5x2 + 7/x5 = 8x—~ 2
Marn / JOURNAL 5. Assess Yourself A depressed polynomial of degree 2 is the result of
‘ @, synthetic substitution. What options do you have to find the remaining

factors? Which would you choose to use first? Explain.
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Guided
Practice

Practice

Divide using synthetic division and write your answer in the form
dividend = quotient - divisor + remainder. Is the binomial a factor of
the polynomial?

b (x3 —4x2 +2x—6) = (x — 4) 7. x*=-16) + (x— 2)
Use synthetic substitution to find g{2) and g(—1) for each function.
8. g(x) =x3 —5x +2 9. g(x) =x?t-6x-28

Given a polynomial and one of its factors, find the remaining factors
of the polynomial. Some factors may not be binomials.

10, x3 + 2x2 —x—2:x— 1 11 x3-6x2+11x—6;x-~2

12, 2x3 + 7x2 — 53x — 28; x+7 13, x4 +2x3 + 2x2 ~ 2x — Ix+1

14. Use the graph of the polynomial function at the 4| A
right to determine at least one binomial factor
of the polynomial. Then find all factors of the <
polynomial.

£l

15. Use synthetic substitution to show that x — 8is a
factor of x3 — 4x% — 29x — 24. Then find any

F
5%
]
g I
]
lm
£

R
-

rermaining factors. ‘ T

Divide using synthetic division and write your-answer in'the form - -

“dividend =-quotient - divisor+ remainder. Is the binomial a factor of

the polynomial?

16, (3 —6x2 +2x—4) = (x~2) 17, (3 = 2x% = 5x 4+ 6) + (x — 3)
18 23 +8x2 =3x— D+ (x—2) 19 3 +27) + (x+3)

20. 2x3 +x2 = 8x+16)+ (x +4) 21 (6x3 + 9x% — 6x + 2) + (x + 2)

22, (x3 — 64) ~ (x — 4) 23, (Ax* - 2x2 +x+ 1)+ (x - 1)
Use synthetic substitution to find f(2) and f{—1) for each function.
2, ) =x3-2x%2 —x+1 25. f(x) =2x%2 - 8x+6

26, f(xX)=x3 +2x% ~3x+ 1 27, f(x) =x3 — 8x2 ~2x+ 5

28. f(x) = 5x* — 6x2 + 2 29. f(x) =3+ x3 - 2x2 + x + 12

Given a polynomial and one of its factors, find the remaining factors
of the polynomial. Some factors may not be binomials.

30. x3 —x2 25y —3:x+1 31. x3—3x+2;x—l

32. x% + x2 — 16x — 16;x — 4 33. 6x7 — 25x% + 2x + 8 3x — 2.
34, 203 + 1702 + 23x ~ 42, 2x + 7 35 x4 £ 203 —8x—16x+2
36. 8x + 32x3 + x + 4;2x + 1 37. 16x° — 32x* — 81x + 162: x — 2

Use the graph of each polynomial function to determine at least one
binomial factor of the polynomial. Then find all of the factors.

38. f(x) = x5 + x* — 3x3 - 3x2 — 39. OO =x*+ Tx3 + 15x2 + 13x + 4
4x — 4
) 4 f) &
- o X f; ‘
~4-B-2 -] 4 - o] [ x

-5 =B [/-1 iy

e ‘GD (s3]

e

T
o I

A ]
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Critical
Thinking

7

®
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Applications and
Problem Seolving

Mixed
Review

Find values for k so that each remainder is 3.

40.
42,

44,

45,

46.

48.

49,
50.
51.

52.

53.

54,

X2 —x+R+x-1 41, (X2 +kx -1+ (x—2)
3+ 4x2 +x+ R+ (x+2) 43.‘(x2+5x+7)+(x+k)

Consider the function f(x) = x3 + 2x2 — 5x — 6.

a. Use synthetic substitution to find f(—4), f(—2), f(0), f(2), and f(4).

b. On a coordinate plane, graph the ordered pairs of the form (x, f(x)) you
found and connect them to make a smooth curve.

¢. How many times does the graph cross the x-axis? Does this agree with
what you learned in Lesson 8-1 about graphs of polynomial functions?

Architecture According to the Guinness Book of Records, the 1454-foot
Sears Tower in Chicago, lllinois, is the tallest office building in the world. It
has 110 floors and 18 elevators. The elevators traveling from one floor to
the next do not travel at a constant speed. Suppose the speed of an
elevator in feet per second is given by the function F(¢) =

—0.5t% + 43 — 1212 + 16¢, where t is the time in seconds.

a. Find the speed of the elevator at 1, 2, and 3 seconds.

b. It takes 4 seconds for the elevator to go from one floor to the next. Use
synthetic substitution to find f(4). Explain what this means.

Technolo The graph ' . A e
Shows hofvy the Cosgt Of Computer Bugs (in billions)
computer viruses in the U.S.
has drastically increased
since 1990. The function
Ceo) = 0.03x3 — 0.02x2 +
0.2x + 0.1 estimates

this cost over the interval
shown, withx = 0
representing the year 1990.
Estimate the cost of
computer viruses in the
year 2005.

Source: National Computer Security Associction

. Art Joyce Jackson purchases works of art for an art gallery. Two years

ago, she bought a painting for $20,000, and last year, she bought one for
$35,000. If these paintings appreciate at 14% per year, how much are the
two paintings worth now?  [lesson 8-1)

Find the coordinates of the vertices and foci and the s%opeszof the

asymptotes for the hyperbola given by the equation 2— — 3(2—5 = 1. {lesson 7-5)

Is (4, —4) a solution to the quadratic inequality —y = —x% + 5x? L

Solve 2x? — 5x + 4 = 0 by using the quadratic formula. {ies

Find (6x3 — 5x2 — 12x — 4) = (B3x +2). {tesson 5-3]

$AT Practice Grid-in If% - ;;12— = —525, then what is the value of p?

Solve [y n J = [3} forxandy. (lesson 4-1]

Ifa= -1,

b="7c=4, and —a3b? + 2ab + 3d = -12~c3 slve for d.

SEI08 0]
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Example

LOOK, BACK

 Refer to Lesson 6-1A
. for information on using

the automatic ROOT

pning Technol
Polynomial Functions

A Preview of Lesson §-3

You can use a graphing calculator to graph polynomial functions and
approximate the real zeros of the function. When using a calculator to
approximate zeros, it is important to view a complete graph of the function
before zooming in on a certain point. Otherwise, zeros may be overlooked
because they were not in the viewing window. Remember that a complete
graph of a function shows all the characteristics of the graph such as all x- and

y-intercepts, relative maximum and minimum points, and the end behavior of
the graph.

Use a graphing calculator to obtain a complete graph of
f() = 2x3 + 6x% — 14x + 12. Then approximate each real
zero to the nearest hundredth.

Let’s try graphing in the standard viewing window.
Enter: 2 X.T.6,n 30+
=14

9,11 12 [ZOOM] 6

We see that this viewing window does not
contain a complete graph. Change the
viewing window to [—10, 10] by [~ 10, 60]
with a scale factor of 1 for the x-axis and
5 for the y-axis.

This window can accommodate the
complete graph.

According to the graph, there is one
x-intercept (real zero) for this function.
There are three zeros for any third-degree
polynomial, so two of the zeros for this
function must be imaginary. Use ZOOM,
TRACE, or ROOT to approximate the

real zero.

The only real zero is approximately
—4.74.

When using a graphing calculator to approximate real zeros, it is helpful to
know that a function with degree n has at most n real zeros. Thus, a function
with degree 5 has at most five real zeros. If you can see five x-intercepts in the
viewing window, you know you have found all of the zeros and that they are
all real. However, if there are fewer than five x-intercepts, there are duplicate
real zeros or the zeros are not all real. Complex or imaginary zeros occur

in conjugate pairs, so a fifth-degree function may have one, three, or five
real zeros.
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Exam g@@ Use a graphing calculator to obtain a complete graph of

F(x) = 3x5 — 5x* — 2x% + x2 — 6x + 8. Then approximate
each real zero to the nearest hundredth.
First, try graphing in the standard viewing window.
Enter: 3m SE 5
4[=12 3

103 =) 6 X.To.n

8 [ZOOM | 6

The standard viewing window does not
accommodate the complete graph. The
view shown at the right uses the window
[~5, 5] by [-10, 15].

According to the graph, there are three real zeros for this function. Use
ZOOM, TRACE, or ROOT to approximate the real zeros. They are
approximately —1.24, 0.93, and 2.

Use a graphing caleculator to ebtain a complete graph of each
polynomial function. Describe your viewing window and state the
number of real zeros.

1. f(x) = 2x3 — 3x2 — 12x + 17

2. f(x) = 3x* ~ 83 — 35x2 + 72x + 47
3. () = 0.1x% +x3 — x% +3x + 18

4. g(x) = x5 — 4x* + 2x3 - Tx + 15

Graph each funciion so that a complete graph is shown. Then
approximate each of the real zeros to the nearest hundredth.

5. f(x) = x* —3x2 = 6x — 2

6. h(x) = 2x5 +3x—2

7. c(x) = 3x13 + 4x3 + 2

8. m() = 2x8 + 4x% + 1

9. p(x) = 8x5 — 20x3 + 73x2 + 28x — 4
10. f(x) = x5 +x% —8x3 — 10x2 + Tx— 4

482  Chapter 8 Exploring Polynomial Functions



k&7 ouLL LEARN

¢ To approximate the recl
zeros of polynomial
functions,

¢ 1o find maxima and
minima of polynomial
functions, and

¢ to graph polynomial
functions.

YIS IVIPOETANT

You can graph
polynomial functions fo
solve problems involving
geometry and physical
fitness.

cAREER Y
CHOICES ,
industrial designers develop
and design manufactured
products and their packaging.
They comhine arfistic tolent with
research on product use fo
create the most appealing and
functional design.
Abuchelor's degree is required
and training in computer-aided
design (CAD) is very helpful.
For more information, contact:
Industrial Designers Society of
America
1142 E Walker Rd.
Great Falls, VA 22066

L

Geomefry

In her geometry class, Hillary has a project

in which she must create cracker shapes that
form a tessellation in the same manner as a
certain brand of crackers. For her art class, she
must design a special packaging box for the crackers.

In order to best display the tessellation, the bottom

of the box will be a square, and it will be open at the

top so that the crackers can be seen through cellophane.

Hillary is to use a 108 square-inch sheet of a special metallic paper to cover
the sides and bottom of the box. What will be the dimensions of the box if it is
to hold a maximum volume of crackers? You can use a graph to solve this
problem.

First, write polynomial equations to describe the surface area and volume of
the box. Let x represent the length of the side of the square on the bottom, and
let h represent the height of the box.

SA
108

In order to find the volume by graphing, we need to express the volume in
terms of one variable. First, solve the surface area formula for h in terms of x.

x2 + 4xh = 108
4dxh = 108 — x2
108 — x2
h = 4x

Then, substitute the value of 1 in the formula for volume.
V=x2h

_ .2 108 — 5%\
()

_108x% - x4
- 4x

:27}:——5;"

Let V(x) = 27x — %.
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Make a table of values.

~11-1 8575 |“| o0 | =3 | —74.25 51108.75 Greates!
—~10 | —20 e between =2 | =52 X 61108  Je vaiue for
—Z ~gg.75 ; —é 626.75' ' fwu g ég3.25 1 Voo
~7 + -103.25 and 112675 is af 91 60.75 A
=6 1 —108 c= ~ 10 2152 x=0.] 10120 Sl zero is
~5 | ~103.75 3| 74.25 11 | ~35.75 |« ,
—4 | 92 41 92 12 1 -108
. ¥ X)‘woo Sketch the graph of the function V(x) by
% 180/ A connecting those points with a smooth curve.
V{") = 275 — { +60° \\‘ The graph will cross the x-axis somewhere
\ :‘,218 \ between the pairs of x values where the
B RN or. . X corresponding V(x) values change sign. Since
“10 -6 -2 f~ 26 10 the x-intercepts are zeros of the function,
T-40 E there is a zero between each pair of these
\\\ :gg i x values. This strategy is called the location
B, /10 g principle. -

| Suppose y = f(x) represents a polynomial function and a and b are
The Location Principle - two numbers such that f{a) < 0 and f(b) > 0. Then the function has at
' least one real zero between o and b.

The graph above shows the shape of the graph of a general third-degree
polynomial function. Point A on the graph is a relative maximum of the cubic
function, since no other nearby points have a greater y-coordinate. Likewise,
point B is a relative minimuin, since no other nearby points have a lesser
y-coordinate. You can also see from the tables of values where there is a
relative maximum and a relative minimum. You can use this information to
help graph functions that have imaginary zeros.

You can use the coordinates of the relative maximum to determine the point
at which the box has the maximum volume. In the tables of values, the point at
(6, 108) appears to have the greatest y-coordinate. To check whether it is truly
the relative maximum, compute the y values for an x value on either side of
this point.

Find V(5.9) and V(6.1).

Vo = 27x - & V) = 27 - £
5.9% _ 6.1
V(5.9) = 21(5.9) — 22 V(.1 = 276.1) - &
~ 107.96 ~107.95

Since both y values are less than the y value for the maximum, the point at
(6, 108) is a relative maximum. So, in order for the box to have a maximum
volume, the side of the box hasto be 6 mches long. The box would have a
maximum volume of 108 cubic inches.
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Physics

To determine the height of the box, substitute 6 for x in the surface area
equation.

_ los — x2

h 4x

_ 108 - 62
4(6)

Replace x with &.

=3

The box must be 3 inches tall to have maximum volume. Thus, the dimensions
of Hillary's cracker box are 6 inches by 6 inches by 3 inches.

Under certain conditions, the velocity of an object as a function of time is
described by the function V() = 9¢3 — 93¢2 + 238t — 120. Approximate
the zeros of V(¢) to the nearest tenth and draw the graph.

Evaluate the function for several successive values of f to locate the zeros.
Then plot the points and connect them to form a smooth graph.

u 7
G .__._,___“
o R .
0 e zern between 1= Dand t = A
1 34 = o 23 %
2 156 ; :
310 ¢-zeroatt = 3 =f 1
4 -—80 V\ j _7'.: 31—
b ATl
51 -130 |60
6| =96 L}ww Bepween t= 6 and i = 7 b
/ e s 1o
7176 ! 10
1)
44
v [ia?

One zero lies between 0 and 1. Another
zero is 3. A third zero lies between
6and 7.

To approximate the zeros to the
nearest tenth, you have to repeat the
process of evaluating V(1) = 93 — 932 +
938¢ — 120 for successive values of ¢
expressed in tenths, as we did in the
application at the beginning of the
lesson. Using a scientific calculator
will help find these values more easily.

To evaluate V(0.5), do the following.

Enter: 9 [X] 5 [ 3[=] 93 [x]
5 [x2) [+] 238 5
120 ~23.125

Following this procedure for the rest of the
values in the chart, you will find that the
zeros approximated to the nearest tenth
are 0.7 and 6.7.
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Example Graph f(x) = x3 — 5x2 + 3x + 12.

In order to graph the function, you need to find several points and then
connect them to make a smooth curve. Since f(x) is a third-degree
polynomial function, it will have 3 or 1 real zeros. Also, its left-most points
will have negative values for y, and its right-most points will have positive
values for y.

Make a table and evaluate several successive values of x to locate the zeros
and to find the relative maximum and relative minimum.

x | flx
—2 | 22 éﬁ}——w zevo between x = —~2 and x = — f(x) Ay 4
~-1138 & > ]
0 12 } indicates K i

4 3
0.5 | 12.375 | | ¢ relative {f ; \x 3
] T } GXITI O gl g 4
2 6 ;1 J
2.9 1 3.039 i indicates — ~2~§; N
3 3 ¢ arelative ) () :; x ~§ 2 aloio
4 8 } minimum ¥ 9

The function has one relative maximum and one relative minimum. The
values of f(0.5) and f(2.9) were calculated to approximate the maximum
and minimum more closely. There is a zero between —~2 and —1. (ke

graphing calculator to check the graph.

A graphing calculator can be helpful in finding the relative maximum and
relative minimum of a function.

. To find the relative maximum and relative minimum of fox) =
x3 — 6x% + 6x + 5, press and enter the equation. Then press

 ZOOM | 6. The graph appears to have a relative minimum between 3

and 4 and a relative maximum between 0 and 1. To find the actual relative
minimum, follow these steps.

Enter: [MATH] 6 [2nd] [Y-vars] 1 [ENTER] . ] [(X.T.8,n] ]3[4
U] [ENTER] 24mM2m4ry

Thus, there is a relative minimum at x = 3.41.

Your Turn

a. Find the y-coordinate of the relative minimum to the nearest
hundredth.

b. Find the coordinates of the relative maximum of the function to the
nearest hundredth. (Hint: Use the fMax feature by pressing [MATH]| 7.)

¢. Graph the function f(x) = x3 -+ x% — 7x — 3, and find the relative
maximum and relative minimum to the nearest hundredth.
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Communicating  Study the lesson. Then complete the following.
Mathematics

1. State the greatest number of relative minima that are possible for each
condition.

a. a third-degree polynomial with a positive leading coefficient
b. a third-degree polynomial with a negative leading coefficient

, ¢. afourth-degree polynomial with a positive leading coefficient
d. afourth-degree polynomial with a negative leading coefficient
2. Refer to the application at the beginning of the lesson. Why did we not
choose one of the negative zeros for the volume of the box?
|
'

3. Sketch a graph of each polynomial.

a. even-degree polynomial function with one relative maximum and two
relative minima

b. odd-degree polynomial function with one relative maximum and one
relative minimum; the leading coefficient is negative -

c. even-degree polynomial function with four relative maxima and three
relative minima

d. odd-degree polynomial function with three relative maxima and three
relative minima; the left-most points are negative

4. Consider the function £(x) = x* — 8x2 + 10.
a. Evaluate f(x) for successive integers between —4 and 4 inclusive.

b. Between what successive integers do the zeros appear? Approximate
those zeros to the nearest tenth.

c. State the ranges of x values where the values of f(x) are negative and
ranges where the values of f(x) are positive.

d. State the relative maximum(s) and relative minimum(s).
e. Graph the function.

Guided Approximate the real zeros of each function to the nearest tenth.
Practice 5 7oy -3 4211 6. g(v) = x4+ 3x3 - 5
Graph each function.
7. f(x) = x3 8. ) =x3 —x% —4x+4
9. fx) = —3x% +20x% —36x +16  10. F) =x*-Tx2 +x+5

State whether each graph is of odd degree or even degree. State
the number of relative minima and relative maxima.

11. x4 4 12. L Kx) 4 13. fx)h
/ /
i‘f\i f( ,\ " f» /;MM ",
i ; W/ ;”gw/ VA
)‘1 = s, ; 5 AW . v‘; -
\ | o X 5 - / o g%
| S
f ‘
| |
{ v A W: A i

14. Pharmacy A syringe is to deliver an injection of 2 cubic centimeters of
medication. If the plunger is pulled out two centimeters to have the proper
dosage, approximate the radius of the inside of the syringe to the nearest

hundredth of a centimeter. Use the formula for the volume of a cylinder,
V=mrih. '
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Approximate the real zeros of each function to the nearest tenth.

15, f(x) = x3 - 2x% + 6 16. h(x) = 2x5 + 3x — 2
17. r() = x5 - 6 18. () =x3 +1
19, F(x) = x* +2x3 ~x2 - 3 20. p(x) =x3 +2x2 - 3x -5

21, n(x) =3x3 — 16x2 + 12x + 6 22. h(x) = x4 - 4x2 + 2

Graph each function.

23. f(x) = 4x5 24. f(x) = 3x5 25, F(X) =x3 — x

26. () = =x3 —4x2 27, f() = x3 + 5 28. f(x) = x* ~ 81

29. f() = 15x3 — 16x2 — x + 2 30. ) =x%~10x2 + 9 {
3L ) = —x*+ x3 +8x2 ~ 3 32, f(x) =x3 — x2 — 8x + 12

Approximate the real zeros of each function to the nearest tenth.
Then use the functional values to graph the function.

33.r) =x0 +4xt - x3 - 9x2 + 3 34, g(x) = x* — 9x3 + 252 — 2Ux + 6
35. h(x) = x3 — 3x2 + 2 36. f(x) =x3 +5x2 -9
37 F00) =xt + Tx + 1 38. p(x) = x> + x* — 2x3 + 1

39. a. Graphy = x2(x - 2)(x + 3) and y = 4x?(x ~ 2)(x + 3).
b. Compare and contrast the graphs.

40. Find the relative maxima and relative minima of each function.
a. f(X) =x3 ~4x2 + 8 b. f(x) = x3 + 3x2 — 12x

41. Study the graphs for Exercises 23-32. Write a statement comparing the
graphs of functions of even degree with those of functions of odd degree.

42. Geometry A function that represents the volume of a pyramid with a
height of the same measure as the side of its square base is V(s) = 533.

a. Graph the function.

b. Find the zeros of the function.

¢. Find the maximum and minimum of the function.

d. Make a conjecture about how all of this data relates.

43. Aerospace Engineering The space shuttle has an external
tank for the fuel that the main engines need for the launch.
This tank is shaped like a capsule, a cylinder with a
hemispherical dome at either end. The cylindrical part of
the tank has a volume of 1170 cubic meters and a height
of 17 meters more than the radius of the tank. What are
the dimensions of the tank to the nearest tenth of a meter?
(Hint: Use the formula for the volume of a cylinder.)

44. Physical Fitness An indoor running

track is being built at a physical fitness
- center. It will consist of a rectangular

region with a semicircle on each end. If
the perimeter of the room is to be a
200-meter running track, find the
dimensions that will make the area of the
rectangular region as large as possible. 4




Mixed 45. Business The Energy Booster Company keeps their stock of Health Aid
Review in a rectangular tank with sides that measure (x ~ 1) cm, (x + 3) cm, and
(x — 2) cm. Suppose they would like to bottle their Health Aid in x — 3

containers of the same size. How many cubic centimeters of liquid will
remain unbottled? {lesson 5-2)

46. Find the coordinates of the center and foci, and the lengths of the major

-2 2 -
and minor axes of the ellipse whose equation is %~ + %= = 1. fLess

on /4]

4 25
47. Name the coordinates of the vertex and the equation of the axis of
symmetry for the graph of y = (x — 3)2 — 11. {lesson 6-4)

48. Solve x% — 20x = ~75 by factoring. (lesson ¢-2)
49. Solve ~3y2 = 18. (Lo '

£ i

1 D}

50. SAT Practice There are a gallons of water available to fill a tank. After b

gallons have been pumped, then, in terms of g and b, what percent of the
water has been pumped?

1006 a 100a
A 1006 B 2% ¢ 100y
a o 100(a ~ b)
D 100(a ~ b) % E a %

51. Graph the line that passes through (-2, 1) and is perpendicular to
5+ 3x= -2y {lesson 2-3)

52. Simplify V64 + V4. fiess

&aem@&g@e&e&@eenmaue@o@oaw&&eseea&sem@ms@&&eea@&@e@»a@coewgsm&ea@me&w@aesés&awmemews@
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WORKING ON THE |

Refer to the Investigation on pages 474~475.

PO RERLOO OOV EEOPOCEOROTEOOCDREOE GG C

4 Make o drawing to illustrate the measurement
scale of o dipstick for this coffee can. Describe
the similarities and differences between the
measurements of the two coffee can experi-
ments. How are the scales alike and how are
they different?

S Use the information in your chart to make a
table of ordered pairs (x, y), where x repre-
sents the amount of water in the coffee can
and y represents the percent of a full can.
Graph the ordered pairs. Describe the graph.

& Use the data from the first experiment fo make
another graph like the one described above.
Describe the graph. What are the similarities
or differences between the two experiments in
terms of the graphs you have drawn?

Select a coffee can that is a different size from
the one you have been using. Repeat the experi-
ment with the new coffee can using the same
50-mL increments. Record your measurements
and data in a new chart like the one on page 475.

T What is the capacity of the new coffee can?

2 How much water is in the can when the can is
one-half full, one-fourth full, and three-fourths
full? Make a note of these numbers.

& Complete the entire chart. Were your calcula-
tions for the capacity of the can when it is
one-half full, one-fourth full, and three-fourths
full correct?

Add the results of your work to your
Investigation Folder.
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* To clear o lst, highlight the list
heading and press
ENTER.

L Technole
world Da

ol

FISION OF LEESOR o3

As we saw in Lesson 2-5B,
you can use a graphing
calculator to generate a
scatter plot of data points
and then determine the
linear equation for the
graph that best fits the
plotted points. You can also
use a graphing calculator to
model data whose curve of
best fit is a polynomial function.

The table at the right shows how much

time it takes each eight-hour work day to pay one Year I:;O u:_z
day’s worth of taxes. Draw a scatter plot and curve iutes
of best fit that shows how the year is related to %gig ?gg
hours worked. Tog0 s
1960 2:20
1970 2:32
First, convert hours in the table to minutes. 1980 2:40
1990 2:45
v Number of
o Minutes
1930 | 52
1940 89
1950 122
1960 140
1970 152
1980 160
1920 165

Next, set the window parameters. The values of the data suggest that you
should use a viewing window [1920, 2000] by [0, 200] with a scale factor of
5 for the x-axis and 10 for the y-axis.

Then enter the data. Press |_STAT | 1 to display lists for storing data. (If

old data has been previously stored, clear the lists.) The years will be
entered into list L1.

Enter: 1930 [ENTER| 1940 [ENTER] 1950 [ENTER] ... 1990 [ENTER

Use the key to move the cursor to column L2 to enter the number of
minutes worked to pay taxes.

Enter: 52 [ENTER] 89 [ENTER| 122 [ENTER] ... 165 [ENTER
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Now draw the scatter plot.

The Piot |

# should . Enter: 2nd [B8T] 1 [ENTER] (GRAPH]
be a scatier plol
Liand L2 . Next, compute and graph the equation of
! the curve of best fit. Try a cubic curve for
this equation.

Enter: | STAT. 7 lend]) [ L1 ][]
l2nd] [ L2 ] [ENTER] [Y=]

[VABS | 5 [B] [B] 7 [GRAPH]

The ZOOM IN feature allows you to move
a cursor along the graph or scatter plot
and read the coordinates of the points.
Press ZOOM 2 and any of the arrow keys
to observe what happens.

Approximately how many minutes should
you expect to work each day to pay taxes
in the year 20007

In the year 2000, you should expect to work approximately 168.29 minutes
each day to pay taxes.

When an earthquake occurs, seismic Travel Time | Distance
waves are detected thousands of (min] (km)
kilometers away from the epicenter — :
within a matter of minutes. The table at ; 388
the right gives the travel time of a 5 2500
primary seismic wave and the 7 3900
corresponding distance from the 10 6250
epicenter for several minutes. 1% 1086188

1. Use a graphing calculator to draw a scatter plot for the data. State the viewing
windows and scale factors that you used.

2. Calculate and graph curves of best fit that
show how travel time is related to the
distance. Try LinReg, QuadReg, CubicReg,
and QuartReg.

3. Write the equation for the curve you think
best fits the data. Describe the fit of the
graph to the data.

4. Based on the graph of a QuartReg curve,
how far away from the epicenter will the

wave be felt 8% minutes after the quake

occurs? About how far are you from the
epicenter if you feel the wave 15 minutes
after the quake?
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ket vous wearn

¢ To find the number and
type of zeros of a
polynomial function.

28y IS IMPORTANT

You can qualify the
number of roots for
polynomials that model
situations in markefing
and physiology.

Mariceting

Mrs. Botti’s French class is selling long-stemmed
roses to raise money for their trip to France. The
students are making boxes in which they will deliver
the flowers. They want the boxes to have square ends
(width and height the same), but the length should be
12 inches longer than the width so the very long
flowers will fit. They want the volume of each box to
be 256 cubic inches, so that each box can hold
enough moistened packing material to keep the roses
fresh. Find the dimensions for a box that satisfy all
these requirements.

We can find the dimensions of the box by writing a polynomial equation.
Then we can use the factor theorem and synthetic substitution. First define
each dimension of the box in terms of the width w.

w = width = height w+ 12 = length
Then let V(w) be the function defining the volume. w
Viwy=w-w- (w+ 12)
256 = w3 + 12w?
0=w3 + 12w? — 256

w12

Study the chart below. We will use a shortened form of synthetic
substitution for several values of w to search for the solutions to 0 = w3 +
12w? — 256. The values for w are in the first column of the chart. Beside each
value is the last line of the synthetic substitution. Recall that the first three
numbers are the coefficients of the depressed polynomial. The last number in
each row is the remainder.

wll 12 0 —256
1 1 13 13 | —243 A remainder of 0 occurs when
211 14 281 -200 w = 4. This means that w — 4
j } }g gi -1 2(]) is a factor of the polynomial.
5 1 17 © 85 169 The depressed polynomial is

’ w? + 16w + 64.

The polynomial w? + 12w? — 256 can be factored as (w — Hw? + 16w + 64).
The trinomial w? + 16w + 64 can be further factored as (w + 8)(w + 8), or

(w + 8)% Thus, the solutions of the equation 0 = (w ~ 4)(w + 8)? are w = 4
and w = —8. Since negative widths are not possible when designing a box,

the width and height of the box should be 4 inches, and the length should be
4 + 12 or 16 inches.

In Chapter 6, you learned that a zero of a function f(x) is any value a such
that f(a) = 0. This zero is also a root, or solution, of the equation formed when
f(x) = 0. When the function is graphed, the real zeros of the function will be
the x-intercepts of the graph.
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579\"; In the equation w3 + 12w? — 256 = 0, the
1 4 =007 roots are 4 and —8. The graph of V(w) =
Wy = 1A= 256 w3 + 12w? — 256 touches or crosses the

-

horizontal axis at those two points.

™y H=

[€3
<D
s

] |

When you solve a polynomial equation with degree greater than zero, it may
have one or more real roots, or no real roots (the roots are imaginary). Since
real numbers and imaginary numbers both belong to the set of complex
numbers, all polynomial equations with degree greater than zero have at least

one root in the set of complex numbers. This is the fundamental theorem of
algebra. ’

Fundamental Theorem
of Algebra

Every polynomial equation with degree greater than zero has ot least
one root in the set of complex numbers.

The following corollary of the fundamental theorem of algebra is an even
more powerful tool for problem solving.

Corollary

A polynomial equation of the form P{x) = 0 of degree n with compiex
coefficients has exactly n roots in the set of complex numbers.

g

Example

Notice that w3 + 12w? — 256 = 0 appears to have only two roots, even
though it is a third-degree equation. However, remember that the factored
version of the equation was (w — 4)(w + 8)2 = 0. The fact that w + 8 appears
twice among the factors of w3 + 12w? — 256 means —8 is a “double root.”
Since it is understood that —8 is counted twice among the roots of the
equation, we know that w? + 12w? — 256 = 0 really has three roots: —8, —8,
and 4. Thus, this third-degree polynomial equation has three roots, which
verifies the corollary above. The roots of a polynomial equation may be
different real numbers or they may be complex. For example, x% + x = 0 has

three roots: 0, i, and —i. You shouid verify this by facioring.
Many problems can be solved by using any one of a number of different
strategies. Sometimes it takes more than one strategy to solve a problem.

Find all roots of 0 = x3 + 3x2 — 10x — 24.

We can find the roots of the equation by combining some of the strategies
that you have previously learned. Let’s list some possibilities for roots and
then eliminate those that are not roots. Suppose we begin with integral
values from —4 to 4 and use the shortenedform of synthetic substitution.
Because this polynomial function has degree 3, the equation has three
roots. However, some of them may be imaginary.

The related function of the equation is f(x) = x> + 3x2 — 10x — 24. You can

use either synthetic substitution or a scientific calculator to find f(a)
quickly. Find f(—4).

Method 1: Synthetic Substitution
—4L 13 -10 -24
’ =4 4 24

1 -1 —6 . 0 Ceontinued on the nexi
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Method 2: Scientific Calculator

Enter: 4 [+/—][sTOr] [ X ] 1[+]3[=] ~/
10 3= [=] -5
[+] 24 =lo

The display shown after each gives the second, third, and fourth
coefficients of the depressed polynomial. To evaluate f(x) for other values

for x, simply change the first number entered in the series of keystrokes
shown above.

X '} 3 “.!O "’24 f( {) ;
-4 |1 -1 -6 o N
-3 |1 0 -10 6 i N 1O >
-2 |1 1 -12 o = . X
-1 11 2 =12 1 -12 y 10
0 |1 3 =10 | -24 Hoxfp=rat 3y = 10x=24
P! 4 -6 | =30 , LAY
2 |1 5 0| —-24 ) e
3|1 6 8 ¢ W vy
‘ meK ' i Thezeros occur atx = —4, x = —2, and x = 3. The graph of the function
Refer to Lesson 6-4 for ¢ verifies that there are three real roots.

information on
. imaginary roots.

Remember when you solved a quadratic equation like x% + 9 = 0, there
were always two imaginary roots. In this case, 3i and —3i are the roots. These
numbers are a conjugate pair. In any polynomial function, if an imaginary
number is a zero of that function, its conjugate is also a zero. This is called the
complex conjugates theorem.

Complex Conjugates . Suppose a and b are real numbers with b # 0. If @ + bi is a zero of a
Theorem ~ polynomial function, then a — bi is also a zero of the function.
Example Find all zeros of £f(x) = x% — 5x% — 7x + 51if 4 — i is one zero of £(x).

Since 4 — i is a zero, 4 + i is also a zero, according to the complex

conjugates theorem. So, both x — (4 — ) and x — (4 + i) are factors of the
polynomial x® — 5x2 — 7x — 51.

O =[x = (4= Dllx - (4 + D)D)
e =i (- Dx e+ @ = D@+ DI iy,

= (x2 — 4x — ix — 4x + ix + 16 — &)(_) Simplify.

= (x? — 8x + 1))

N AT R 9 2
Remember thal —§¢ = |

Since f(x) has degree 3, there are three factors. Use division to find the
third factor.
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x + 3 () 4
x2 — 8x + 17)x3 - 5x2 — 7x+ 51 M«% :
x3 = 8x% + 17x Subtract. i 3 \“\ -

5 N ; ? % £
3x 24x + 51 ot A5
3x2 — 24x + 51 Subtract, -8 - 2.3 4 "

M = a8 1522 & T B

Therefore, f(x) = (x2 — 8x + 17)(x + 3). Since x + 3 is also a factor, —3 is
also a zero. The three zeros are 4 — i, 4 + i, and —3. The graph verifies the
nature of the zeros.

French mathematician René Descartes made more discoveries about zeros
of polynomial functions. His rule of signs is given below.

If P(x) is a polynomial function whose terms are arranged in

descending powers of the variable,

¢ the number of positive real zeros of P(x) is the same as the number
of changes in sign of the coefficients of the terms, or is less than this
by an even number, and

o the number of negative real zeros of P(x) is the same as the number
of changes in sign of the coefficients of the terms of P(-x), or is less
than this by an even number.

Descartes’ Rule of Signs

E}mmpﬁe State the number of positive and negative real zeros for

p@) = 4x5 + 3x% - 2x3 + 5x% — 6x + 1.

Use Descartes’ rule of signs. Count the number of changes in sign for the
coefficients of p(x).

pG) =4x5 + 3x* — 2x® + 5x2 - 6x + 1
4 3 -2 5 ~6 1
N AN NN AN

no yes Yes yes yes

Since there are four sign changes, there are either 4, 2, or 0 positive real
ZEeros.

Find p(—x) and count the number of changes in signs for its coefficients.

p(—0) =4(=%° + 3(=0% - 2= + 5(=0% - 6(-x) + 1
=—4x> + 3x* + 2x3 + 5x? + 6x + 1
N4 NN N

yes no RO 118 no
Since there is one sign change, there is exactly 1 negative real zero.

Thus, the function p(x) has either 4, 2, or 0 positive real zeros and exactly
1 negative real zero.
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In Exarmple 3, since p(x) has degree 5, it has five zeros. Using the

information in the example, you can make a chart of the possible combinations
of real and imaginary zeros.

Number of Positive | Number of Negative Number of
Real Zeros | Real Zeros Imaginary Zeros
4 : 1 0
2 1 2
0 1 4

%y;\@mg@@@ Write the polynomial function of least degree with integral coefficients

whose zeros include 7 and 3 + 2i.

If 3 + 2iis a zero, then 3 — 2{ is also a zero. Why?

Use the zero product property to write a polynomial equation that has
these zeros, 7, 3 + 2{, and 3 — 2i, as roots.

O0=—-Dx— G+ 2DH][x~ B —2D] Why isx — 7 a factor?
S0, f(x) = (x = Dx = @ + 2D)][x — B ~ 20)]
=x—-Nx*—-G-2Dx— @B +2Dx+ 3+ 28) 3 - 2i)]
=(x— D2 = 3x+ 2ix — 3x — 2ix+ 9 — 4i%)
= (x — D2 - 6x + 13)
=x3 — 13x% + 55x — 91

Communicest

\ Study the lesson. Then complete the following,.
themati

ng
ies

. Write an example of each function. List the possibilities for its zeros.
a. quadratic b. cubic ¢. quartic
2. Describe the complex conjugate theorem. Use 6 + 7i as an example.

3. State the zeros of a polynomial function if (x + 6) and [x — (5 + )] are
factors of the polynomial.

4. a. Write a polynomial function p(x) whose coefficients have four sign
changes. : !

b. Find the number of sign changes that p(—x) has.
¢. Describe the nature of the zeros.

5. The graph of f(x) = x3 — 8 is shown at the right. i) 4.
a. Describe the nature of the zeros. = o X

Ny

b. Find the zeros of the function.

6. A classmate has been out ill and missed fX) = x? - 8]
learning Descartes’ rule of signs. Write an
example and explain Descartes’ rule of signs :
to your fellow classmate. R

TE i P Ot

£ NS D

Find #{ —x) for each function given.
7. F() = 6x* = 33 +5x2 — x + 2 B FOO) =x" —x3 + 2x — 1
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State the number of positive real zeros, negative real zeros, and
imaginary zeros for each function.

9. F(x) = x3 = 6x% + 1 10, £(x) = x* +5x% + 2x2 — Tx— 9

Given a function and one of its zeros, find all of the zeros of the
function.

11, h(x) = x3 — 6x% + 10x — 8,4 12, g(x) = x3 + 6x2 + 21x + 26; -2
13, f(x) = x3 + Tx? + 25x + 175; 5i

14. p(x) = x* — 9x% + 24x2 —6x ~ 40;3 — i

Write the polynomial function of least degree with integral
coefficients that has the given zeros.

~4,1,5 16. 9,1 + 2i

17. Manufacturing The volume of a candy carton is 120 in®. To hold the
correct number of candy bars, the carton must be 3 inches longer than it is
wide. The height is 2 inches less than the width. Find the dimensions of the
carton.

Praclice  State the number of positive real zeros, negative real zeros, qnd
imaginary zeros for each function.

¥

18. f(x) = 5x3 + 8x% — 4x +3 19. g(x) = x* +x% +2x% - 3x -1

20. h(x) = 4x% —~ 6x? + 8x—5 21 Ff) =x* -9
22. () = x5 —x3 = x+1 23. g(x) = xM 4+ x10 — 5%+ x -1

24. p(x) = x5 — 6x% = 3x% + 7x? — 8x + 1
25. f(x) = x10 = x8 + x8 — x* + x2 — 1

Given a function and one of its zeros, find all of the zeros of the
function.

26. p(x) = x3 + 2x% — 3x + 20; —4 27. f(x) = x3 — 4x% + 6x — 4; 2
28. v(x) = x5 — 3x? +4x — 12;2i 29. h(x) = 4x* + 17x2 + 4; 2i
i 30. g(0) = 2x3 — x% + 28x + 51, =3 31 () = 23 — 17x? + 90x — 4155
32, f(x) = x3 — 3x? + 9x + 13; 2 + 3i
33 r(0) = x4 — 6x3 + 12x% + 6x — 13;3 + 2i
34. h(x) = x* — 15x% + 70x% — 70x — 156;5 — i

Write the polynomial function of least degree with integral
coefficients that has the given zeros.

35. -2,1,3 ‘ 36. 2,4i 37. 44,3, -3
38. 3,1 +1 39. 2i,3i,1 40. 6,2 + 2
Crifical 41, 1 7(x) = x3 + kx? — 7x — 15, find the value of k so
Thinking that —2 — i is a zero of f(x).

42. Suppose a fifth-degree polynomial has exactly two x-intercepts. Describe
the nature of the roots of the function. Sketch some examples to support
your reasoning.
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43. Medicine Doctors can measure cardiac output in patients at high risk for
a heart attack by monitoring the concentration of dye injected inte a vein
near the heart. A normal heart’s dye Concentratlon is approximated by

d(x) = —0.006x% — 0.140x> — 0.053x2 + 1.79x, where x is the time in
seconds.

a. Find all real zeros by graphing. Then verify them by using synthetic
division.

b. Which root makes sense for an answer to this problem? Why?

44. Physiology During a five-second respiratory cycle, the volume of air
in liters in the human lungs can be described by the function A(t) =
0.1729¢ + 0.1522¢% — 0.0374¢3, where t is the time in seconds. Find the
volume of air held by the lungs at 3 seconds.

45. Graph f(x) = x3 — 5x + 7.

46. Find the'center and radius of a circle whose equation is
X2+ (y =32 —4x — 77 =0. 3

47. Write a quadratic equation that has roots 3 and —5.

i

48. SRT Pyactice If k2n = 162 and n is an odd integer, then k could be divisible
by all of the following EXCEPT

A2 B 4 c38 D 12 E 16

49, Design Marco is designing a new dartboard. The center of the board is

defined by the inequality Txl + ly1 = 2. Draw the graph of thls inequality
to see what Marco’s new dartboard will look like.

50. Name which ordered pairs, (7 =3), (—4, — 1), or (12, —6), satisfy
—2]|x] ~ by <3 s |

51. Find the value of f(12) when f(x) =
52. Evaluate —4 | —5x| + 17ifx = 2.

9

Find each value if p(x) =
1.

p(a?

4x°% — 3x? + 2x — 5. {bessory 8-1)
2. plx+ 1D

&sven a polynomial and one of its factors, find the remaining factors of the polynomial.

oo

3.
Groaph each function.
5.

]

x3 4+ x2 ~24x +36,x— 3

g) = x5 =5

"4, 2x3 + 13x2 +x—=T0x— 2

6. h() = x3 —x% + 4

State the number of p@saﬁwe real zeros, negative real zeros, and imaginary zeros ‘For

each funchion. !

7.

) = x% + 8x2 — Tx + 10

¢

8. f() = 6x%+18x3 +4x -9

9. Determine whether the degree of the function represented by the graph

at the right is even or odd HOW many real zeros does the polynomial
function have? (i«

i}

10. Manufacturing The height of a certain juice can is 4 times the radius of
the top of the can. Determine the dimensions of the can if the volume is’
approximately 17.89 cubic inches. (Hint: The formula for the volume of a
right circular cylinder is V = wr2h.)
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» To identify all possible
rational zeros of a
polynomial function by
using the rafional zero
theorem, and

@ to find zeros of
polynomial functions.

ly TS INPORTANT

You can use the rational
zero theorem to find
zeros of polynomials that
model situations in
finance and food
production.

- The largest pyramid in the

Architecture

United States is the Luxor Hotel
and Casino in Las Vegas, Nevada.
The volume of this unique hotel
and casino is 28,933,800, or about
29 million cubic feet. The height
of the pyramid is 148 feet less »
than the length of the building. The '
base of the building is square. What

are the dimensions of this building?

The formula for the volume of a pyramid is

= %Bh, where B represents the area of the

base and h represents the height. Let's set up an
equation to find the dimensions of the pyramid.
Let s represent the length of one side of the base
of the pyramid. Then the height is s — 148.

V= 3Bh
28,933,800 = +(s2)(s — 148)
86,801,400 = s2 (s — 148)
86,801,400 = s3 — 14852

0 = s3 — 148s% — 86,801,400

We could use synthetic substitution to test possible zeros. But the numbers
are so large that we might have to test hundreds of possible zeros before
we find one. In situations like this, the rational zero theorem can give us

some direction in testing possible zeros. This theorem and a corollary are
stated below.

Rational Zero Theorem

Let f(x) = ggx” + ayx™ 1 + ...+ a,_yx + a, represent a polynomial
function with infegral coefficients. If % is a rational number in

simplest form and is a zero of y = f(x), then p is a factor of a,, and g is
a factor of ay. B

Corollary (Integral
Zero Theorem)

If the coefficients of a polynomial function are integers such that

ag = 1 and a,, # 0, any rational zeros of the function must be factors
(//

of a,.

n

)
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Let V(s) = s3 — 14832 — 86,801,400 be the related V(s) 4
function for 0 = s3 — 148s? — 86,801,400. All -
coefficients are integers, ay = 1, and aq,, = 86,801,400.
The graph of V(x) is shown at the right.

S0
N
fan)
[end
oS

no
< O T
‘%bj

(==}

g7
&
p=
o

P

/
7
¢

Ys)= 53— 1%&2 - 86,801,400
1 y

o006
2000000

According to the integral zero theorem, any rational zeros must be factors
of 86,801,400.

86,801,400-= 23 X 32 x 52 X 7 x 832

So the possible zeros in this case are *=1 through =10, +12, =14, +15,
+=18, ..., =175, =300, =450, =489, =498, and so on, to =86,801,400.

According to Descartes’ rule of signs, there will be only one positive real
zero and no negative real zeros. The graph of this function crosses the x-axis
one time. We can use synthetic substitution to test for possible zeros, and
we can stop testing when we find the first zero. Let’s make a chart. Since
s — 148 = h and h must be positive, we need to consider only values for s that
are greater than 148,

$ T ~148 0 ~86,801,400
175 11 27 4725 | —85,974,525
300 } 1 152 45,600 | —73,121,400
450 | 1 302 135,900 | —25,646,400
498 | 1 350 174,300 O

One zero is 498, Thus, s — 498 is a factor of the polynomial, and 498 is a root of
the equatlon The dimensions are 498 feet by 498 feet by 498 — 148 or 350 feet.

Verify the dimensions by substitufing them into the formuda for the volume of ¢ pyramid,

List all pbssible rational zeros of F(;) = 3x3 + 9x% + x — 10, and state
whether they are positive or negative.

Example

Since a; #1, we cannot use the integral zero theorem. If % is a rational root,

then p is a factor of —10 and ¢ is a factor of 3. The possible values of p are
+1, +2, +5, and *10. The possible values of g are =1 and 3. So all the

possible rational ze1 os are as follows.
=1, 22, £5, 10, *3, =2, and =3

Now use Descartes’ rule of signs.

Fx) = 3x% + 9x2 + x — 10 f 4 4
A1
Since there is one sign change, there is _0 . X
one positive real zero. e -
J B
F(x) = ~3x% + 9x% —x — 10 = a0
H [ 0
- . i e -
¢Since there are two sign changes, there ? N
¢ . e R4
are two or no negative real zeros. Y

The gr aph of the function shown above verlhes that there is one positive
real zero and two negative real zeros. Mo s g i v
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Example

The volume of a rectangular solid is 1430 cubic centimeters. The width is
1 centimeter less than the length, and the height is 2 centimeters greater
than the length. Find the dimensions of the solid. ‘

Explore  Read the problem and define the variable.
Geomelry Let € represent the length of the solid.

Plan Write an equation.
£+ 2)cm
Volume = length X widih X height
V=4 -DE+2)
£ecm
Solve V=L~ DU+ 2) (¢~ 1)cm
1430 = €3 + €2 — 2¢ Replace V with 1430,
0= €3+ £2 — 20 — 1430 Subtract 1430 from each side.

Possible rational zeros are =1, +2, =5 +10, =11, and *=13. Since
measures must be positive and according to Descartes’ rule of
signs there is one positive real zero, we can stop testing possible
zeros when we find the first one. Let’s make a table and test each
possible rational zero.

Bl 1 -2 | -1430

111 2 0] -1430

‘ 2|1 3 4| -
511 8 28| =129

0|1 11 108 | -350

1|1 12 13| . 0

One zero is 11. The other dimensions are 11 — 1 or 10 cm and
11+ 2or 13 cm.
fxamine  Check to see if the dimensions are correct.
e 10 x 11 X 13 = 1430 ¢
evrsrrereaerernessrre s reessaesresshenss T OO PO PO RSP TTRPPIUPIP ORISR TSR &

You have learned many rules to help®you determine the number and

characteristics of the zeros of a function. Example 3 shows how many of them
can be used.

{

Example Find all zeros of £(x) = 4x* — 13x% — 13x% + 28x — 6.

"« From the corollary to the fundamental theorem of algebra, we know there
are exactly 4 complex roots.

o According to Descartes’ rule of signs, there are either 3 or 1 positive real
zeros and exactly 1 negative real zero:
s According to the rational zero theorem, the possible rational zeros are
1 .1 .3

5
4 = A= ] S D +
o I Ty +1, ey +2, =3, and *6.

¢ Use synthetic substitution and a chart to find at least one zero.

4 -13 -13 28 -6

o

l4 ~12 -16 24 | 0 Onezerois

B s

. (continued on the next page)
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The depressed polynomial after division by x — % is

4x3 — 12x% — 16x + 24. Now use a synthetic division chart
with this polynomial.

x | 4 -12 -16 24
1 27
5 4 -10 -21 5
3 21 11
I e Al T
114 —8 ~24 1 @
Another zero is 1.

The new depressed polynomial is 4x2 — 8x ~ 24. Use the quadratic formula
to find other possible zeros.

=8 = V(8 - 4@y(-24) o

a=4 h=4& ¢
24 ’ !

ERERE orli\/?

8

The zeros are 1,1 +V 7, and 1 - \/?

oA | | | 4
) ; X
The approximate values of the irrational -8 +1 T Hha23i
zeros are 3.65 and —1.65. So, there are jjl oy g
3 positive real zeros and 1 negative zero. EErE
U g
The graph of the function shown at the 5 %\ f
right crosses the x-axis 4 times, confirming O = ax| =133 = 13k + 28k 4 6
that there are 4 real roots. |
................................................................................................................................................................................ &

Communicafing  Study the lesson. Then complete the following.

Mathematics 1. a. Explain when you can use the integral zero theorem to determine
possible rational zeros for a polynomial function.

b. Why is it helpful to use the rational zero theorem while finding the zeros
of a polynomial function?

2. Refer to Example 2. When testing possible zeros, would starting with a
number greater than 1 have made more sense? Explain.

3. Write a polynomial function with four possible rational zeros.

4. a. Explain why there cannot be three positive zeros for
px) = x3 + 4x2% — 3x + 2.

b. Explain why there cannot be four positive zeros for
p() = x% +2x2% + 3x + 1.

5. Refer to the application at the beginning of the lesson. List all of the
possible roots between 0 and 100.

6. Write a polynomial function that has possible rational zeros of = 1, +3, i%,

3
-+
and * >

Guided  List all of the possible rational zeros for each function.
Practice 7. h() =x3 +8x+ 6 8. d(x) = 6x3 + 6x2 — 15x — 2
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Find all of the rational zeros for each function.
9. fG) = x° — x% — 34x — 56 10. p(x) = x3 —3x— 2
1. g0 = x4 — 3x3 + x2 — 3x 12. h(x) = 6x° +11x2% = 3x — 2
13. Find all of the zeros of A(x) = 9x5 — 94x3 + 27x2 + 40x — 12.
14. Write a polynomial function of least degree that has zeros —3, 2, and 5.

15. Geometry The volume of the figure at the
right is 384 cm3. Find the dimensions.

3xcm

Praciice

Thinking
Applications and
Problem Solving

List all of the possible rational zeros for each function.

16, f(x) = x3 + 6x + 2 17. p() =x* — 10
18. n(x) = x5 + 6x3 — 12x + 18 19. p(x) = 3x3 — 5x% — 1lx + 3
20. f(x) = 3x* + 15 21. h(x) = 9x8 — 5x3 + 27

Find all of the rational zeros for each function.

22. p(x) = x3 — 5x% — 22x + 56 23. F(x) = x3 + x2 — 80x — 300

24. g(x) = x4 = 3x3 — 53x% — 9x 25. h(x) = 2x3 = 11x? + 12x + 9

2. f(x) = 2x° —x* = 2x+ 1 27. p(x) = x* + 10x3 + 33x2 + 38x + 8
28. n(x) = x* + x% -2 29. 1(x) = x4 — 13x? + 36

30. h(x) = x% — 3x% — 5% +3x +4 3L pLO) = x3 + 3x2 — 25x + 21

32, f(x) = x5 — 6x° + 8x 33. g(x) = 48x* — 52x° + 13x -3

Find all of the zeros of each funciion.

34, f(x) = 6x3 + 5x2 — 9x + 2

35. p(x) = 6x4 + 22x% + 11x? — 38x — 40

36. g(x) = 5x* — 29x3 + 55x2 — 28x

37. p(x) = x5 — 2x* — 12x3 — 12x%? = 13x - 10

38. Suppose k and 2k are zeros of f(x) = x3 + 4x2 + 9kx — 90. Find k and all
three zeros of f(x).

39. Stock Market In arecentyear, a 6
research lab discovered a flaw in a Price °f S'I'OCI(

computer chip that could have caused Monday, De§°1 2,1994

an error as often as once every 24 days. $65

The computer company’s stock was o4 7 Friday close: $62 3/4 [
affected on the day the flaw was 63 ¢ ;

discovered, as shown in the graph. The 62 1

function f(x) = —~0.002x4 + 0.05x% — 61 1 560 5/8
0.3x2 — 0.4x + 63 can be used to model 60

the stock prices at time x, where x = 0 gg '

represents 9:30 AM., x = 1 represents 57

10:00 A.M., and so on. , :

a. Use f(x) to estimate the price of the .30 am, 4:00 P

stock at 2:30 P.M.

b. Compare this value to an estimate of
the value from the graph.

Source: Bloomberg Business News
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40. Food Production I.C’. Dreams makes ice cream cones. The volume of

41.

Mixed 42.

Review

43.
44.
45,

46.

48.
49.

" the force required to keep the airplane going in

47.

50,

each cone is about 5.24 cubic inches, and the height is 4 inches more than
the radius of the opening of the cone. Find the dimensions of the cone.

Use the formula for the volume of a cone, V= é‘frr r2h.

Patterns The diagrams below show the number of regions formed by
connecting the points on a circle.

/,.»«-Mu.%@x QWT_ R

!,/ ™, e E“% S
/ A U
[ A
N
‘\ f \ % £
" s \ 4
\\MMM” ’ m‘ww}%@'{ NI
1 point 2 points 3 points 4 points
1 region 2 regions 4 regions 8 regions

The number of regions formed by connecting n points of a circle can be

described by the function f(n) = *2%(/14 — 6n° + 23n% — 18n + 24).

a. Find the number of regions formed by connecting 5 points of a circle.
Draw a diagram to verify your solution.

b. How many points would you have to connect to form 99 regions?

Write a polynomial function of least degree with integral coefficients that
has —2 and 2 + 3i as zeros. {lesson 8-4]

Write 2y2 = 14x in the form x = a(y — k)2 + h. [lesson 7-2)
Solve ¢? — 9¢ ~ 58 = —7c + 5 by factoring. {lesson 6-2)

Physics A model airplane is fixed on a string

so that it flies around in a circle. The designers

of the plane want to find the time it takes for

the airplane to make a complete circle. They
42y

know that the formula F, = m(—;—;) describes

a circle, m represents the mass of the plane,

r represents the radius of the circle, and

T represents the time for a revolution. Solve
the formula for T. Write the answer in simplest
radicai form. [Lesson 5-8)

Use augmented matrices to solve the system of equations. {lesson 47}
5x— Ty +z=29

—2x — 3y +5z=20

x—9+3z2=13

BCT Praciice What is the midpoint of the line segment whose endpoints
are represented on the coordinate grid by the points (=5, —3) and (-1, 4)?

A (03, —%) B (»3, %) ¢ (—2,%) D <—2, %) E (% —3)

Given the function f(x, ¥) = 9x — 3y, find f(—3, 7). {iesson 3-4)

Marcia and Roberto want to build a ramp that they can use while
rolierblading. If they want the ramp to have a base of 8§ feet and slope of l,
how tall will their ramp be?  [{lesson 2-3]

Margie is 6 years older than Max. Moira is 19 years younger than Margie. If
Max is 17, how old is Moira? (lesson 1-4j
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b7 vous LEarn

« To solve nonquadratic
equations by using
quadratic techniques.

Wy 1r's nAPORTANT

You can solve polynomial
equations that model
situations in finance and
geomeiry.

LODIK,

' Refer to Lessons 6-1
through 6-4 for

information on quadra’rlc

functions. y

Finance

On his seventeenth birthday, Montel received $100. On his eighteenth birthday,
he received $150. One year ago, on his nineteenth birthday, he received $200.
Montel put his birthday money into an account paying 6% interest,
compounded annually, and did not withdraw or add any additional money.
Determine the amount of money currently in his account.

We can use the formula for compound interest, A = P(1 + r){, where Pis the
original amount of money deposited, r is the interest rate (written as a
decimal), and 7 is the number of years invested. The amount of money
currently in his account is the sum of the amounts he received on his last
three birthdays, plus interest.

The interest rate is 6%, sor = 0.06. Let x = 1 + ror 1.06, and let T(x)
represent the total amount of money currently in the account. Find T(1.06).

money from

day v 19t birthday
TG) = 10063+ 150x%2 4+ 200x
T(1.06) = 100(1.06)> + 150(1.06)> + 200(1.06) Replace x with 1.06.

= $499.64 The amount of money in Montel’s account is $499.64.

Note that the polynomial function contains a factor that is a quadratic since
T(0) = 100x3 + 150x2 + 200x or 50x(2x? + 3x + 4).

In some cases, we can rewrite polynomial equations and use quadratic
techniques to solve them. For example, x% = 38x2 4+ 72 = 0 can be written as

(x2)2 — 38(x?) + 72 = 0. Equations that can be written in the form a [f(x)]* +

b[f(x)] + ¢ = 0 are said to be in quadratic form.

Definition of
GQuadratic Form

For any numbers g, b, and ¢, except a = 0, an equation that can be
written as a[f(x)]? + b[f(x)] + ¢ = 0, where f(x) is some expression in
x, is in quadratic form.

Example

Solve x4 — 17x2 + 16 = 0.

The graph of y = x* = 17x? + 16 crosses the 4, /
x-axis 4 times, so there are 4 real zeros. 6 ¥
X =17x2 + 16 = 0 \; ] _1}\"
()2 = 17(x®) + 16 = 0 Ouadratic form “X 407 ;
x2-16)x* -1 =0 =0
YER TG
x—Dx+DHEX-Dxx+1H =0 \ v

{continued on the next page)
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Use the zero product property.

i

x—4=0 or x+4=0 or x—1=0 or x+1=0
x=4 x=—4 x=1 x= -1

The roots are —4, 4, —1, and 1, which are verified on the graph.

................................................................................................................................................................................. @
You can solve cubic equations with the quadratic formula if a quadratic
factor can be found.
Example Solve x3 + 64 = 0.
x3+64=0
(x + &H(x2 — 4x +16) =0 ,
Yage | ¢
Use the zero product property. ’ ’
x+4=0 or x?—-4x+16=0 [ 5
B 4= VE02-4mas) g
x = —4 X = 20 l/-:ii t+ 64 4
i o' X
4 =N/ —48 N ~ p |
:_—i——z—-—or2i2i\/§ Tli vl :
The roots are —4 and 2 = 2i\/3.
i The only real root is —4. COXIS OF .
SO0 SRSORSSIROSSSSPO DI NR SNTT &
You have studied the rule (¢™)" = ¢ in Chapter 5. This property of
exponents is often used to solve equations that have terms with rational
exponents.
%Eﬁ@mgﬁéﬁ Isabel earned $1000 from her summer job, and on August 1 she decided

fo put it in the bank to save it for a cruise she wants to take during the
next spring break, which starts on April 1. The cruise costs $1046, but
Isabel figures that if her money earns some interest she may have enough
o i money by April. As she shops around for interest rates at various banks,
Finance what interest rate should she be looking for so that her $1000 on August 1
i will grow to $1046 by April 1? Use the interest formula A = P(1 + AL

Let x represent 1 + r and substitute the known values into the formula:

A= $1046, P = $1000, and ¢ = 8 months or = year.

A=P1+n!
1046 = 1000x5
1.046 = x% by 1000,
(1.046)% = (x% )3
1.14 = x?

+V1ldor 107 =x

Sincex = 1 + r, thenr = 0.07 or r = —2.07. Since interest rates cannot be
negative, the interest rate is 0.07 or 7%.
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Example

Example

Some equations involving rational exponents can be written in quadratic

form.

1 1
Solve x2 — 8x% + 15 = 0.

1 1 1 1
x?2 —-8x4+15= Check: X2 —8xi+15=0
1 1
+ 6257 — 8(625)7 + 15 = 0
2540+ 1520
0=0 &
Use the zero product property.
1 1
1 1 5 i -
1 1 9—-24+15%0
x4 = x4 =
N 0=0
xx%>4 =54 (x%}él = 34
x =625 x = 81 The real roots are 81 and 625.

Solve x — 2\V/x — 3= 0.

x~2\/——3=0

(Vaff 20V -3=0
\/;: —b = Vb - dac

form

%a Use the gquadratic formula.

Vo = 2 V(=22 = 4(=3) o P,

X = 2 [ B e A 1 £ I e
\Vr= 22 V16

2

Vx=3 = or Vx=-1

x =9

There is no real number x such that \/x = —1. The only real solution is 9.

Communicating
Methematics

Guided
Practice

Study the lesson. Then complete the following.

1. Explain why the graph in Example 2 crosses the x-axis only once when
three roots are given.

2. Explain the steps you would take to solve Vx4 + 48 = 4x.

Write three examples of equations that are not quadratic but can be
written in quadratic form. Then write them in quadratic form.

'(»)

Factor each polynomial. Identify the quadratic factor if one exists.

4. x* — 3x3 + 6x2 5. 2x3 + 7x% — 8x

6. 4m® + 9m — 16m? 7. y3—y5 ~ 100y
i .

8. x7 + xZ + x5 9. x3 — 729

Write each equation in quadratic form if possible. If not, explain
why not.

10. 3r + 7V7r = 11 M. a8+ 10at~ 16 =0
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Solve each equation.
1
12. x — 16x2 = —64 13. m* + Tm3 + 12m2 =0
3
14, 3mz — 81 =0 15. y® = 26.6y — 3.2y2

16. Geometry The width of a rectangular prism is w centimeters. The height
is 2 centimeters less than the width. The length is 4 centimeters more than
the width. If the volume of the prism is 8 times the measure of the length,
find the dimensions of the prism.

Pracfice  Write each equation in quadratic form if possible. If not, explain

why not.

17. x% + 10x% = —13.2 18, 11x* +3x= -8
19. 84n* — 62n2 = 0 20. 7 + 8\ q =13
21. 5yt + Ty =8 22. 11n* = —44n?

Solve each equation.

23. x3 = 3x2 - 10x=0 24. n? +12n% +32n =0
25. b3 = 1331 2. m*-Tm?2+12=0
27. 2 — 8z — 240 = 0 28. 13 — 729 =0
29.y%~9y%+20=0 30. r— 1977 4 60 = 0
31. 6.25m3 ~ 12.25m =0 32. y% =75

33. m5 + 1.5m* = 15.04m3 34. p% + 11p% + 28 =0

35. Write an equation for a polynomial that has roots —3, 0, and 2.

Critical 36. Write an explanation about how you would solve the equation .
Thinking la — 312 -9|a — 3| = 8. Then solve the equation.

%@@EE@@%@?&% and 37. Geometry The formula for the area of an ellipse is A = wab. Find the

Broblem gﬁgwgﬁg measure of a and b to the nearest hundredth of an inch if an ellipse has
an area of 8.85 square inches and the measure of b is 2.3 inches greater

than a. )
/——___ 3

7
o
o
38. Geometry A piece of wire is cut into two pieces. One piece is bent into
the shape of a square, and the other into the shape of an equilateral ’
triangle. The side of the square and a side of the equilateral triangle have .
the same length, and the measure of that length, in inches, is an integer. .

The original piece of wire was less than 50 inches long before it was cut.

a. Find all possible integral measurements for the length of the side of the
square and the triangle.

b. What is the shortest possible length for the original piece of wire?
¢. What is the longest possible length for the original piece of wire?
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39. Aerospace The force of gravity
decreases with the square of the
distance from the center of Earth. So, as
an object moves further from Earth, its
weight decreases. The radius of Earth is
approximately 3960 miles. The formula
relating weight and distance is

3960% - W,
(3960 + 1)? = ——=, where W, represents
3
the weight of a body on Earth, W, represents
the weight of a body a certain distance from the ™

center of Earth, and r represents the distance of
an object above Earth’s surface.

a. An astronaut weighs 140 pounds on Earth and 120 pounds in space.
How far is he above Earth’s surface?

b. An astronaut weighs 125 pounds on Earth. What is her weight in space if
she is 99 miles above the surface of Earth?

Mixed  40. Manufacturing The volume of a milk carton is 200 cubic inches. The base
Review of the carton is square, and the height is 3 inches more than the length of
the base. What are the dimensions of the carton? {lesson 8-5)
41. Find the value of ¢ such that the points at (7, 2) and (3, ¢) are 5 units apart.
{tesson 7-1}
o 42. Agriculture The function f(x) = —x? + 8x, where x is the number of
" apple trees planted in a given area and f(x) is the number of pounds of

apples produced per day, can be used to determine how many apples are
to be planted in a certain area. [lesson &-7)

L
Data Update = For more

: )
information on fruif a. Graph fx) = —x* + 8x.
producion, visit: b. If Wessel Farm wants to produce at least 12 pounds of apples per day,
www.algebraZ.glencoe.com how many trees should they plant in the area? Write as an inequality.

c. According to the graph of f(x), production is low if few or many trees
are planted and production is high if a medium number of trees is
planted. Give some possible reasons why this might be true in real life.

43. ACT Practice In the figure, what is the BT
equation of circle Q that is circumscribed = \0(_&3)
around the square ABCD? / \

A —62-y2=6  B(x-62+)y=6

Cx+62+y>=6 D(x +6)2+y:=18
— 82 2 — < ]

E (x —6)-+y-=18 A7 p(-3.-3)
44. Find Mif [”Z _lﬂ M= ["‘Z fﬂ lLesson 4-5)
45, Use Cramer’s rule to solve the system of equations. {lesson 3--3]

x _ & 2”1"

2 3“3

3x + 4y = —50

4é6. Geography The following numbers are the percent of people in the South
American countries who live in urban areas. {lesson 1-3)
84, 87,51, 76, 65, 54, 46, 70, 86, 83, 35
a. Make a stem-and-leaf plot of this data.
b. How many countries are less than 60% urban?

¢. Argentina is the most urbanized country in South America. What
percent of it is urban?

d. Guyana is the least urbanized country in South America. What percent
of it is urban?
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ka7 vouil Leaen

+ To find the composition of
functions.

Wby \r's mAPORT ANT

You can use composition
of functions to solve
problems involving
biology and foreign
currency.

Compasifion of Functions

Biolegy

Temperature is measured in different units in different countries. An American
scientist and a German scientist are working on incubating a bacterium in their
respective countries. They are sharing their findings with each other through
the Internet. The last message from the German scientist says that her
bacterium died at a temperature of 312° K, which she discovered was not
warm enough. The American scientist’s temperature for incubation is 98.2° F
Should the American scientist be worried?
Example 5.

This problem will be solved in

Let K(x) be the function for converting Celsius temperatures to Kelvin, and
let C(x) be the function for converting Fahrenheit temperatures to Celsius.

K@) = x + 273
C) = o(x - 32)

Converting Celsiug to Kelvin
Converting Fahrenheit fo Celsius

Using composition of functions is one way to solve the problem.

Suppose f and g are funciions such that the range of g is a subset of
the domain of . Then the composite funciion £+ g con be described by
the equation [fo gl(x) = flg(x)].

Example

. Refer to Lesson 2-1

for information on

mappings.

[feglx)and flgix)] are boti read "Fof g of

Given two functions fand g, you can find fe g and g o fif the range of each
function is a subset of the domain of the other function.

fr=11,2, 6,9, 6,9 fmdg {2,5), @, 3}, find fegand g £

fg2)] =1(5) or 4 glf(D] =g@or5 /(1)=2
flg(®)] = f(3) or 4 glf3)] =g@ or3 £3) =4
glF(5)] =g@) or3 (5 =4

={2 4, @4 b} gef={1,5),6,3, 6, )

The composition of functions can be shown by mappings. Suppose

= {(6,2), (4,5), (0, —2)} and g = {(5, 4), (2, 6), (2, 0)}. The composition
of these functions is shown below.

fog

2 % domain of g x ? 4 0 ™ domain of f
LT
" range of g ) (2 5 ‘2 y range of f
. " domain of f i":ifz.%w;j " domain of g
g K 2 5 —2 \ jrange of f (f(){)) 4 6 0 \ range of g

s

= {6, 5) - 2 2) @, =2 ={6,0,% 9D, (0 6}
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The composition of two functions may not exist. Look back at the definition
of the composition of functions. The composition of functions fand g, fe g, is
defined when the range of g is a subset of the domain of £. If this condition is
not met, the composition is not defined.

Example

If h = {4, 6), 2, D, 6, 8), 8, 10)} and k = {(4, 5), (6, 5), (8, 12), (10, 12)},
find h o k and k o h, if they exist.

heok keh
x Kff 6 8 ;ﬁidomain of k X Z 2 6 8> domain of A
kx) (5 12 ) range of k h(d) - l\\ range of h
Qmm«mﬂw> ‘«46\\:' 8_“ 1f’ domain of &
6 §}domaln of h RCh(x)) & 5 1; ™ range of k
—

8 v15}range of h

n—s«‘”‘/
h o k does not exist. keoh ={(4,5),(2,5),(6,12), (8, 12)}

The range of k is not a subset of
the domain of h. Why not?

................................................................................................................................................................................ @
Sometimes, when two functions are composed, the graph of the
composition resembles the graph of one of the original functions.
Example If F(x) = x* — 4 and g(x) = 4x — 1, find [F° g]().
[fog](0) = flg(0]
= f(dx — 1) Substitute 4x —~ 1 for g{x).
= (4x ~ 1)2 — 4 Foaluate fwhen x is (4x — 1),
=16x2-8x+1—4
=16x%2 - 8x — 3 Stmplify.
The graphs of each function are shown below.
[}i,g]( X i f’f(x) f(x) is quadratic.
‘ ' / g(x) is linear.
v g { / " [fe g](x) is quadratic.
kY
Y /
gix) Y
A\
.................................................................................................................... @
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Example

If £(X) = x + 5 and g(x) = x% — 2, find [F° g](3) and [g * F](3).

[fegl) = flg(3)]
=f(3 -2  Substitute 3¥ — 2 for g(3).
= f(7) Simnplify.

=7+ 50r 12 Evaluate fwhenxis 7.

[g° f1(3) = glf3)]
=g(3 +5) Substiture 3 + 5 for /(3.
= g(8) Simplify,

=82 —20r62 Lvaluate g when x is 8.

Refer to the application at the beginning of the lesson. Should the

American scientist be worried that her incubation temperature is not
warm enough?

In order to compare the two temperatures, we need to convert the
American scientist’s temperature from Fahrenheit to Kelvin. To do this,
convert the temperature from Fahrenheit to Celsius and then from Celsius
to Kelvin. This can be written as [K o C](x) or K[C(x)].

[K° Cl(x) = K[C]
=K B“(x - 32)} Substituie 2, (x -~ 32) for Clx).
= B(x - 32)] + 273
[K ° C](98.2) = [%(98.2 - 32)} + 273 Replace x with 98.2
=~ 309.8 Simplify
The American scientist is incubating her bacterium at 309.8° K. This is

2.2° K cooler than the German scientist’s incubation temperature in which
the bacterium died, so she should be worried.

................................................................................................................................................................................. %
Iteration is a special type of composition, the composition of a function
with itself.
%X@mgﬁéﬁ Find FO G =2and ) = fn — D) + n.
fO)y=2
fH=FfA~-D+1=f(0)+1=3 Usef(0)wfind (1)
)y =Ff2-D+2=fD)+2=5 Use i) find {2)
R =FfB~-D+3=Ff2)+3=8  Usef(Z)iofind (3
@ =fA-D A=) Y4 =12 Use K3) o find (4},
OO O PO SOOI UUUUUUIU USSP OO PR NN @
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Communicating
Mathematics

Guided
Proctice

Study the lesson. Then complete the following,

1. Write out how you would read [g o h](x).

2. In Example 2, what values would the domain of hneed for ho k to exist?

fog
e,
3. Look at the mapping of [fe g](x) (1 17 & \)
- at the right. S

a. State the domain and the range of

fand g (28 4 9N\)
b. Write the functions fand g as a set R N P
of ordered pairs. ——
¢. Does [g°F](x) exist? Explain. (\5 2 @
.,

4. Refer to Example 3. What type of function is [8°F1(x)?

5. Show that if f(x) = x2 anq 8(¥) = x = 4, then [fo g](x) # [g° F](x).
6. Write two functions f(x) and 800 such that f[g(x)] = x2 — g,
7

- Explain how you could find £(2) and f(3) if f(x) is defined by
Fx + 1) = 2f(x) and £(1) = 24,

8. Draw your family tree. Explain how your family tree could be a
composition of functions.

Find [f - g](2) and [g - fl{2).
2. f)=x+6 10, f) = x2+ 3
g0 =x-3 g0 =x+ 1
Find g[h(x)] and hig(x)].
11 800 = 4x 12, g0 =x+2
h(x) = 2x — 1 h(x) = x2
i f(x) = x2, g(x) = 3x, and h(x) = x + 2, find each value,

13. flg(1)] 14. [fo h](4) 15. AlFGO]
Find the first four iterations of each function,

16. () =1,/ () = f(n~ 1) + 3 17. (D) =3, f(n) = 2¢(n ~ 1)

18. Bonus A sales representative for a furniture manufacturer is paid

an annual salary plus a bonus of 3% of her sales over $275,000. Let
f(x) = x — 275,000 and Jet h(x) = 0.03x.

a. If x is greater than 275,000,
hlf(x)]? Explain.

b. Find her bonus if her sales for the year are $400,000.

Llesson 8-7 Composition of Functions

is her bonus represented by f[h(x)] or

given the initial value,
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Practice

2

Critical
Thinking

Applications cimel
Problem Solving

Find [fo g}(3) and [g ° f](3).

19. f(x) = x. 20. f(x) = x2
gx) = —x gl = x3

21, f) =x + 1 ‘ 22. = {1, -7, (2,3), 3,0}
g0) =x*+6 g=1{0,1D, 3, D}

23. f={(-1,9, 3, 6)} 24. f(X)=Tx~5

g= {(—5’ 3)’ (67 12)$ (3’ —_l)}
Find g{h(x)] and hig{x]].

g0 =x% - 3x+ 7 !
q

25. g =x+7 26. g(x) = 5x 27. g(x) =x— 2
h@)=x+4 00 hCo=2x h) = x2

28. g(x) = —2x . 29. g(x)=x+1 30, g(x) = |x|
h(x) = -3x+1 h(x) = x3 h(x) =x—3

If f(x) = x2, g{x) = 4x, and h(x) = x - 1, find each value.

31. h[g@)] 32. [fog)(4) 33. [hef(3)
34. [fo h1(—3) 35. h[g(~2)] 36, AUF(—4)]
37. glf(0)] - 38. [f°g}CX) 39 [fe(ge M)

Find the first four iterations of each function, given the initial value.
40. F(0) = 4,f(n) = f(n — 1) — 5 A1 (1) = 2,f(n) = 3f(n — 1)

42. f(1) =3, f(n) = f(n — 1) + 4n 43. £(0) = 0.2, f(n) = n(f(n — 1))

44, F(O) = ~2,f(n) = 3f(n— 1) — 2n 45, (0) = 6, F(n) = 4f(n — 1) + n?

ol P
Express fo g and g o f, if they exist, as sets of ordered pairs.

46. f={(1,1), (0, —3)} 47. F=1{G, 8),(4,0), (6,3), (7, -}
g=1{10,310,C D} g=1{0,4),(,6),3,6),(-18)}

48, Name two functions fand g such that f{g(x)] = glf(x)].
49. I F(0) = 4 and f(x + 1) = 3f(x) — 2, find F(4).

50. Foreign Currency The British Isles,
located northwest of the European -~ 8 o Narth Sea
mainland, consist of two large islands, g Lo
Great Britain and Ireland, and many
smaller islands. Carolyn Martinez
took a trip to the British Isles during the

§
Glasgyo,w_ ;Edinburgh

_Belfast: -
summer of 1995 and needed to exchange | ..  » ‘GREAT
- s IRELAND BRITAIN
American dollars for British pounds. " Dublin- Pt :
After she arrived in Ireland, she needed ,
to exchange her British pounds for Irish S = S

punts. Look at the functions below. ~kondom

English Channel

B(x) = 0.9733x
Alx) = 0.6252x

a. Find the equation of the composition function B{A(x)]. Explain what
this composition represents.

b. How many Irish punts will she get for $500?
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51. Discounts Jeanette bought a new electric wok that was originally priced
at $38. The department store advertised a rebate of $5 as well as a
discount of 25% off all small appliances.
a. Express the price of the wok after the rebate and the price after the
discount using function notation. Let x represent the price of the wok,
r(x) represent the price after the rebate, and p(x) represent the price
after the discount. >

b. Find r[p(x)] and explain what this value represents.
¢. Find p[r(x)] and explain what this value represents.

52. Finance Nashota pays $30 each month on a credit card that charges 1.4%
interest monthly. She has a balance of $450. The balance at the beginning

of the nth month is given by the following function that is defined
recursively.

(1) = 450
F(n) = f(n — 1) + 0.014f(n — 1) — 30

Find the balances at the beginning of the first five months.

Mixed  53. Write x® + 3x3 — 10 = 0 in quadratic form. (lesson 86|

Review |
54. Write y2 = 6x in the form x = a(y = R)% + h. {lesson 7- 2

55. Statistics An astronomer made ten measurements
in minutes of degrees (') of the angular
distance between two stars. The
measurements were 11.20', 11.17', 10.92',
11.06', 11.19', 10.97', 11.09', 11.05', 11.22",
and 11.03". Find the mean and the standard
deviation of the measurements. {lesson &

56. Find the product (m + 7% [lesson 5-2)

57. SAT Practice Ifn+5>0and2 - 3n> -1,
then n could equal each of the following

EXCEPT .
A =5 B -4 C -2
. -
D0 E3 B doub from whidh
¥ O
58. Art Cecilia would like to place a picture of N\o\e:‘\;:' stars emerg®

her triangle-shaped painting in the center of a
page in her portfolio. She would like the longest ‘
side on the bottom. The lengths of the sides of the picture are 4 inches,
3 inches, and 3 inches. Suppose the center of her page is represented by
the origin. Find a system of inequalities that describes the points her
picture would occupy on the page, so that the top and bottom of the
picture are at an equal distance above and below the origin, and the left
and right corners are at an equal distance from the origin. {lesson 3-5

TG

59. What type of special function is f(x) = x? ({lesson 2-4]

4§

a. constant b. identity c. absolute value d. step

60. Find a value of b for which the graph of y = bx — 7 is perpendicular to the
graph of x — 2y = 18, i 3 ;

61. Simplify —4(3a + 2b) — 3(~7a - 6b). (lesson |

lesson 8-7 Composition of Functions 528



sessasos v essce s

fteration

Materials: grid paper

Each result of the iteration process is called an iterate. To iterate a function f{x],
begin with a starfing value x, find f(xy), and call the result x;. Then find f(x4},
and call the result x,. Find f(x5) and call the result x5, and so on.

Activity 1 Find the first three iterates, x;, Xy, and x;, of the function f(x) = -;fx + 5 for
an initial value of x5 = 2.

Step 1 To obtain the first iterate, find the value of Step 2 To obtain the second iterate x,, substitute

the function for xy = 2. the function value for the first iterate, x;, for x.
fixo) = f2) fix)) = F6)
=2{2) + 5016 So,x; = 6. ~ L) +50r8 So,x,=8.

Step 3 Now find the third iterate, x5, by substituting x, for x.
fix,) = (8)

=2(8) + 5019 So, x3=9.

Therefore, the first three iterates for the function flx) = %x + 5 for an initial
value of xy = 2 are 6, 8, 9.

Graphing the iterations of a function can help us understand the process of
iteration better. Follow these steps.

e Graph a function g(x) and the line f(x) = x on the coordinate plane.
e Choose an initial value, x5, and locate the point {xg, 0).

e Draw a vertical line from {x,, O) to the graph of g{x]. This will be the
segment from the point [xq, 0) to [xq, glixo)).

¢ Now draw a horizontal segment from this point to the graph of the line
f(x) = x. This will be the segment from (xq, glxg)} to (glxg), glxol)-

e Repeat the process for many iterations.
This process is called graphical iteration.

You can think of the line f{x) = x as a mirror that reflects each function value to
become the input for the next iteration of the function. The points at which the
graph of the function g(x) intersects the graph of the line fix)= x are called fixed
points. If you fry fo iterate the initial value that corresponds to the x-coordinate of
a fixed point, the iterates will all be the same.
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Four basic paths are possible when a linear function is iterated.

Staircass Out Staircase In Spiral Qut

; Spiral In
4 X} & % & A
v Wy NS ST
4 s e L G, ya
i ,;f?}() X 5, e I = -
/ ya = 5 ST = x s
A A N T
4 T x D D1 % o~ X
e ;/5 jf‘/ i
~ . % o
[j’ ;/ ! A P /,‘r \ﬁg [,J_{’f

Activity 2 Perform graphical iteration on the function g(x) = 4x for the first three iterates
if the initial value is x, = 0.25. Which of the four types of paths does the iteration take?

Step 1 To do the graphical iteration, first graph the . Step 2 Start af the point (0.25, 0] and draw a
functions f(x) = x and g{x) = 4x. . vertical line to the graph of g{x} = 4x. From that
- point, draw a horizontal line to the graph of

X = x
X} 4 4 5
g(x) ]
a(x :/Ax fﬁ/
§ Ing)A= X
|/
/
P
#

Step 3 Repeat the process from the point on
fix) = x. Then repeat again.

The path of the iterations staircases out.

assnwskenseon s seaos s swe

R R A A R R R L L T L LT T R T

GevEsssesn

Model  Find the first three iterates of each function using the given initial value, If
necessary, round your answers fo the nearest hundredth.

L glx) = 5x; x5 = 0.2 2. glx) = =2x+ 1; x5 = =0.5
3. gl =3~ 04x; x5 = —4 4. glx) = 3x — 0.5x%; x5 =1
Drow Graph each function and the function f(x) = x on the same set of axes. Then

draw fhe graphical iteration for x, = 1. State the slope of the linear function
and tell what type of path the graphical iteration forms.

5. glx) = 4x + 12 6. g(x)=%x+2

7. glx) = -2x -3 8. glx) =5x~7
9. glx = —jzx-k ] 10. glx = -—%x + 4
Write 11. Write a paragraph explaining the relationship between the slope of a linear function and

the type of path that the graphical iteration forms.

12. What type of path do you think is formed when you perform the graphical iferation on the
function f{x} = 5x — x?? How does it compare to the iteration of linear functions?
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a7 oL Learn
e To determine the
inverse of a function
or relation,

® to graph functions and
their inverses, and

& to work backward to
solve problems.

ey 1S IMPORTANT

You can use inverses fo
solve problems involving
shopping and world
cultures.

Aryabhata | (476-550), o
Hindu mathematician and
astronomer, was the most
important eorly scholar in
indian mathematics. In his work
Aryabhatiya, he gave o value of
3.1416 for o, used the decimal
and place-value system, and
supplied a variety of rules for
 algebra. '

Werld Cultures The Tj Mohal, Agra, india

The ancient Hindus loved to do number puzzles. Aryabhata, a mathematician
who lived in India during the sixth century A.D., was especially drawn to these
puzzles. Look at the number puzzie below.

Choose a number between 1 and 10.
Multiply that number by 4.

Add 6 to the resulting number.
Divide by 2.

Then subtract 5.

Aryabhata could have correctly told you your original number. How? Suppose
your original number was 8. The chart below shows the steps of the puzzle.

- ‘Verbul%lnsfrucﬁdnsf_;;:‘ Number ;‘fg,;Funcﬁohal ﬁepresentaﬁpn '
Choose o number between 8 =
1 and 10 o ) = x
Multiply that number by 4. | 8 X 40r 32 | glx) = 4[f(x]] = 4x
Add é. : 32+ 60r38 | hix) = glx) + 6=4x + 6
Divide by 2. - 38+ 20119 | jix) = hp - 2= 256
Then subfract 5, 19 Sor 4 | Kx =i - 5= -5

To tell you the original number, Aryabhata would work backward and do the
inverse, or opposite, of the steps as he went along. Subtraction is the inverse
operation of addition, and division is the inverse operation of multiplication.

The chart below shows the inverse of the puzzle shown above.

 Verbal Instructions L Number ,‘Func;ﬁona!,,Rep.resenfuﬁon
- Tell me the number that you
" ended with. 14 Pl = x
Add 5 to the number. 14+50r19 §rix)=plx) +5=x+5 "
- Multiply by 2. 19X 20r38 | Hx) = bk} K 2= 2 10
- Subtract 6. 38 - 60r32 | vixf=Hx) - 6 =2x+4
Divideby4. | 2= 468 |w="ol
. 4x + 6 1 . .
The functions k(x) = == — 5 and w(x) = 5x + 1 are inverse functions.

Definition of
Inverse Functions

Tweo functions f and g are inverse functions if and only if both of their
compositions are the identity function. That is,

[fo glix) = x and [g° f](x] = x.
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Example

The -1 is pot an exponent.

You can determine if two functions are inverse functions by finding both of

their compositions. If both compositions equal the identity function h(x) = x,
then the functions are inverse functions.

You can also determine if two functions are inverse functions by graphing.
The graphs of a function and its inverse are mirror images, or reflections, of

each other with respect to the graph of the identity function h(x) = x. Its graph
is the line of symmetry. .

Determine whether f(x) = 3x — 4 and g(x) =% ; 1 are inverse functions.
Method 1: Finding Compositions

Find [fe g](x) and [g° f](x) to determine whether these functions are
inverse functions.

[Feg1(x) = fg(x)] [g°f100) = g[f()]
et - 4G - 9
x+4 Bx—4)+4
) - eecpet
=X =x

Since both [fe g](x) and [g« f](x) equal x, then f(x) and g(x) are inverse
functions. That is, fis the inverse of g and g is the inverse of £,

Method 2: Graphing

Graph both functions. f(x)

Suppose the plane containing the

graphs could be folded along the line
h(x) = x. Then the graphs would ‘
coincide. This verifies that the <
functions are inverses. # v

3

We can write fis the inverse of g and g is the inverse of fusing the notation
f=g landg = 1. The symbol g~ is read ‘g inverse” or “the inverse of g.” By
the definition of inverse functions, we can write the following.

[Fof~100) = xand [F~1e F(x) = x

The ordered pairs of inverse functions are related. Use the functions in
Example 1 and evaluate f(5). Then find f~1[£(5)]

f(5) = 3(5) —4or1l 5] = 71
(11) + 4
The ordered pair (5, 11) =< 1)3 or

belongs to f.

The ordered pair (11, 5)
belongs to £~ 1.

So, the inverse of a function can be found by exchanging the domain and range
of the function.

Property of
Inverse Functions

_ Suppose fand -1 are inverse functions. Then f(a) = b if and only if
C F(b) = a.

Lesson 8-8 Inverse Functions and Relations 52€



To find the inverse of a function f, you can interchange the variables in the
equation y = f(x).

Example

Find the inverse of f(x) = 3x + 6. Then verify that fand £~! are inverse
functions.

Method 1: Algebra

y=3x-+6 Fe Y dx b G asy b 6
X =3y +6 Il

_x—6

Yy=73

The inverse of f(x) = 3x + 6is f~

Check: To verify that fand f~! are inverses, show that the compositions
of fand £~ ! are identity functions.

[Fo f1)00 = FF1G0] [F1e GO = F1FEO]
- f(x;i) = ~1(3x + 6)
_ 3<x-?: 6) g _ (3"_“‘36);‘1
= x =X

The functions are inverses, since both [fo f~1](x) and [f~! o f](x) equal x

Method 2: Graphing

ftx), #

Now graph both functions.

The graphs are reflections of each
other over the line hA(x) = x. This

verifies that the functions are ¥ F
inverses.
.............................................................................................................................................................................. &
In Example 2, fand f~! were both functions. However, the inverse of a
function is not always a function.
Find the inverse of £f(x) = x2 + 4. Determine whether the inverse is a
function.
Rewrite f(x) as y = x2 + 4. LAy
x=y2+4 I
=14
TVx— 4= Solve for v ' Y
Y . 0 - X
N X
The inverse of f(x) = x2 + 4is y = +\Vx — 4. v T

This inverse is not a function, since the graph
does not pass the vertical line test for functions,
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inverses of Functions

MQQE&NG
Aﬂcs Materials: [q geomirror

Wl

Use a full sheet of grid paper. Draw axes in the - ¢ Place the reflective mirror so that the drawing
center of the page, and label each mark on each : edge is on the line y = x and carefully plot
axis as one unit. : points that are part of the reflection of the
original line with respect to the line of
symmetry.
Your Turn » - d. Draw a line through the points. This is the inverse
" a. Use a straightedge to graph y = 2x — 8 on of the original function.
i . Label th h with it ?
fehqeug;ilglnf.mper ePe e graph wiin s e What is the equation of the inverse?
b. On the same set of axes, use a straightedge to g Try this activity with the function y=x3-5|s
graph y = x as a dashed line. the inverse also a function? Explain,

You may recall that a relation is a set of ordered pairs. The inverse relation
is the set of ordered pairs obtained by reversing the coordinates of each
original ordered pair.

 Two relations are inverse relations if and only if whenever one
- relation contains the element (a, b), the other relation contains the
. element (b, a).

Definition of
Inverse Relations

%X@M@E@ " The vertices of square ABCD form the relation 29,69, 2 -2,
(8, —2)}. Find the inverse of this relation and determine if the resulting

ordered pairs are also the vertices of a square,

To find the inverse of this relation, -~ ) ——
reverse the coordinates of the
ordered pairs. ]

Geomelry

The inverse of the relation is

\ .48, (-2,2), (-2, ).

Plotting the points shows that the ol
ordered pairs are also vertices of a
square. — 1

¥

Communicating Study the lesson. Then complete the following.
Mathematics

1. Explain the difference between inverse functions and inverse relations.
Are inverse functions also inverse relations? Explain.

2. Describe in your own words how to find the inverse of a function.

3. Explain why the inverse relation in Example 4 is not a function.

4. Explain how the graph of a function is related to the graph of its inverse.
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5. Sketch the graph of the
inverse of ¢(x), shown at the ]
right. Is the inverse a # ),:5-— 3
function? Explain. ’ ]

ny

e §

6. Use a reflective mirror and grid oL}
paper to graph the inverse of the
function f(x) = %xz - 3.

7
vy
Guided  Find the inverse of each relation and determine whether the inverse
Pracéice is a function.

7., 2), (4, 2)} 8. {(3,8), 4, ~2), (5, —~3))

Find the inverse of each function. Then graph the function and its
inverse.

9.y=1x 10 y=x
L) =x—6 12, y= —-2x~1
| 13. Determine whether f(x) = 6x + 2 and g(x) = xgxz are inverse functions.

14. Temperature Refer to the application at the beginning of Lesson 8-7. The

formula for converting Fahrenheit to Celsius is C(x) = %(x — 32). Find

A C~}(x), the inverse of C(x), and explain what practical purpose the
inverse serves.

Prackice Find the inverse of each relation and determine whether the inverse
is a funchion.

15. {(2,4), (-3, 1), (2, 8)} 16. {(—1,-2), (-3, -2), (-1, —4); (0, 6)}
17. {(1,3), (1, =1, (1, -3), (1, D} 18. {(6,1D), (-2, 7), (0, 3, (-5, )}

Find the inverse of each function. Then graph the function and its

inverse.

19.y=6 20. y = 4x 21. () = dx + 4
22, g(x) = 3x + 2 23. F(x) = —x 2. g() = x - 2

25. y = x? 7 9 26. y= (x — 9)? 27. f(x) = 2x3~ 1
28y =x*+ 1 2. y= (-2 30. y = (x + 22 - 3

N e
e

Determine whether each pair of functions are inverse functions.

3. fxX) =x+ 7 32. g(x) =2x -3
g =x—7 hAG) = —2x+ 3
x—2 x -1
33 ) = 3 34. F(x) = %5
g(x)=3x—2 gl =2x+1
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Programming

Critical Thinking

Applications and
Problem Solving

Mixed
Review

Skeich the graph of the inverse of each relation. Then determine if
the inverse is a function. '

35.

38.

39.

40.

471,

42,

43.

44,

) 36. fx) 37. f(x)

The graphing calculator program at
the right evaluates fg(x)] and
glfieO1if fO) = 2x — 1 and

g(x) = x% + 1. The calculator v
prompts you to enter a value for x : WElpn iy
and finds the values of f[g(x)] and : 81 ig "(FSEEE§§ i o ’é
glfCo]. It also tells you if the ) ’

Program: INVERSES
: Prompt X

D2(X2 4 1) — 1A
P A2X =102 + 1B

. . . o If A=B
functions are inverses. To use this . Then'
program for other pairs of : Disp "INVERSES"
functions, change the second and Flse

third lines to reflect the . . )
.
expressions for f[g(x)] and g[£(x)]. Disp "NOT INVERSES

Use this program and a chart to determine if each pair of
functions are inverses of each other.

a f) =x+ 1 b. () = 5x2 + 4 € 800 = tx + 7)
gy =x—-1 g(x) =2x+ 8 h(x) =5x~—7
Find a function that is its own inverse. Can you find more than one?

Consumerism LaKisha bought a stereo on sale from Electronics
Unlimited. She used a $40 gift certificate to help pay for the stereo. If the

stereo was on sale at 25% off and the final bill was $522.50 plus tax, what is
its regular price?

Work Backward Jake asked Cynthia to choose a number between 1 and
20. He told her to add 7 to that number, then multiply by 4, then subtract 6,

then divide by 2. Cynthia told Jake that her final number was 35. What was
her original number?

Sales Sales associates at Flectronics Unlimited earn $8 an hour plus a 4%
commission on the merchandise they sell. Write a function to describe
their weekly income and find how much merchandise they must sell in
order to earn $500 in a 40-hour week.

oL

Chemistry While performing an experiment, Joy Chen found the
temperature of a solution at different times. She needs to record the
temperature in degrees Kelvin, but only has a thermometer with a
Fahrenheit scale. Joy knows that a Kelvin temperature is 273 degrees

greater than an equivalent Celsius temperature and that the formula

C= g(F ~ 32) converts a Fahrenheit temperature to Celsius.

What will she record when the thermometer reads 59° F?

{Lesson 871

Write an equation for the parabola with focus at (2, 4) and directrixy = 6.
Then draw the graph.

lesson /-2
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. ACT Prectice  What is the quadratic equation that has roots of 2 and 2?
ASx2+1lx—7=0 B 5x2—1lx+10=0
C6x2—19x+10=0 D6x?+ 1lx+10=0
E 6x2+ 19x+ 10 =0

46. Divide (n® — n% + 4n + 6) by (n + 1) using synthetic division.

. 0 31, 53
47. Find 2[_5 SJT{_B 9}.

48. Graph |x|+y=3.

49. State the domain and range of the relation {(9, 0), (3, 1), (12, 7) (1 —4),
(12, 8), (—11, =3), (0, —6)}. Is this relation a function? {is

50. Manufacturing A company manufactures auto parts. The diameter of a
piston cannot vary more than 0.001 cm. Write an inequality to represent
the diameter of a piston if its diameter is supposed to be 10 cm.

BOPEBOOEOOOOELOLBOOOECENERDOOOREEDLREREOTROHEOBLENOCO0TGROBDTOREORNIRECCOEETOTBEOEOBBODRMGE B .

WORKING ON THE |

’"R‘éfjer i“'of‘!»:fhéxinVe‘stiguﬁon on pages 474-475.

ERLEOBRLEHICREOIVNCHEBOEDLCVROCOOS0REDE

T What are the differences and similarities in
your charts and this chart? Are there any
differences in the dipstick measurement incre-
ments and the volume measurement increments
in your data and these data? Explain.

Now that you have performed your own experi-
ments on coffee cans of different sizes, you
decide to get some data on the markings on a
real gasoline tank from another colleague. The

k ) A © 2 What is the volume of this tank in cubic feet?
length of the tank is 20 feet and its radius is 10 - 3 Where on the dipstick would the markings be
feet. The table shows the distance in feet mea- ¢ o show that the tank is one-half full, one-fourth
sured on the dipstick, the volume in cubic feet of full, and three-fourths -full? Does this coincide
gasoline in the tank, the percent of the tank that with the locations at which you found the mark-
is full, and the percent of the dipstick that is wet. ¢ ings should be for your data?

Vol of | %of | % of [change| - 4. Copy and complete the table. .
mgui.(g;\ gasin |vol in| stick | invol : 3 Make a graph of the change in percentage of
stc tank (f°)| tank |covered| % - capacity for each increment. Describe the
, : pacity
0 00 0.0 0 : graph. How does this graph differ from those
1 33;.0 3.2 ;8 . you made in your experiments? How is this
- 2 894.6 14.2 o i :
3 12653 | 055 30 groph' S|m||c'1?r fo the graphs you made in your
4 2347.0 | 37.4 40 : experiments’
5 3141.6 | 50.0 50 « & Graph the inverse of this relation. Does the
o igg?% ?ﬁg (738 original graph represent a function? Does the
g 53886 | 858 80 & graph of the inverse represent a function?
15? 23‘22% 1%?)% 138 M Add the results of your work to your

Investigation Folder.




YOULL LEARN

To graph and analyze
square root functions,
and

L

¢ to graph square root
inequalities.

YIT'S IMPORTANT

You can use square root
functions to solve
problems involving
weather and
oceanography.

Weather

The function ¢ = \/%E represents the greatest distance din miles that a person
h feet high can see on a clear day. Suppose Kenyatta is standing on the 102nd
floor observation deck of the Empire State Building, 1250 feet high, on a clear
day. What is the greatest distance that he can see? You will solve, ihis probi

Exarple 2,

from the domain.

In Lesson 8-8, you learned that the
inverse of a quadratic function isa
square root function if only the
nonnegative range is considered. Look at
the graph at the right. Notice that for a
square root function, negative values are et
excluded from the range,

‘”_,,-r@”’

For many families of Square root functions, the parent function is y = Vx.

To graph square root function like

Y ="Vx -1, use the [y/] key.

Enter: X.T,0,n]
=11 0] Zoowm] 6

Your Turn

a. Graphy=\/9—c,y=\/;c+ Landy = Vix
[—2, 8] by [~4, 6]. State the domain and

—2 in the viewing window

range of each function and
describe the similarities and differences among the graphs,

b. Graphy = \/J_C,y =VZ2x,andy = V8x
by [0, 10]. State the domain and range
the similarities and differences among the graphs,

in the viewing window [0, 10]
of each function and describe
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Eg@;@mpég Graph y = V6x + 5. State the domain, range, and x- and y-intercepts.
Since the radicand cannot 6x +5>0
be negatlve, identify the x> —5
domain.
x>—g
-6
Thus, the x-intercept is — -Z— Generate a table of values and graph the
function.
2 4y
5 + T
-2 0 I
0 2.2 7
421 gz]i ;;4 y=%x+5
6 | 64 S Y
8 7.3 ol X
-10 8.1
o 5 . . .
The domain is x 2 —+, and the range is y 2 0. The y-intercept is \/g or
about 2.24.
................................................................................................................................................................................. @
%x@mg@ﬁ@ Refer to the application at the beginning of the lesson.

a. Graph the function d = \[@ . State the domain and range.

b. Find the greatest distance that Kenyatta can see.

Weather

a. Make a table of values and graph the function.

=2

0

V3 or1.73 |
V6 or2.45
V9 or3.00
V12 or 3.46
V15 or 3.87

(AR L S JE T NSO R N A

S AN AU I SN BN N S MR

(@]

The domain and range of the function are both all nonnegative real
numbers.

b. If the observation deck is 1250 feet high, then the greatest distance
Kenyatta can see is /Xl—%@ or about 43.3 miles. heck this resuls

536 Chapter 8 Exploring Polynomial Functions



You can use what you know abou

t square root functions to graph square
root inequalities.

EM@M@@ Graph y < V2x + 4.

Generate a table of values and graph N
the relation. Since the boundary -~
should not be included, the graph T
should be dashed. RERE

o]
3

Because the range includes only nonnegative real numbers, the graph
is only in the first and second quadrants. Select a point on one of the
half-planes and test its ordered pair. For example, use (1, 1). Since

1 <V2(1) + 4, the half-plane containing (1, 1)

Communicafing Study the lesson.
Mathematics

Then complete the following.

1. Describe the differences between the graphs of y = Vx —6 and y=Vx -8,
2. Find the minimum valye in the domain fory = V2x +3.

3. Refer to the application at the beginning of the lesson.

a. Write a mathematical sentence that describes a// of the distances
Kenyatta would be able to see,

b. Graph the relation that you came up with in part a.

Guided Graph each function. State the domain and range of each function.

Practice
4.y:—\/;c 5.y=\/7)-c
6. y=Vx—-1+5 7.y=V5x+1

Graph each inequality.
8. y>Vx+9-8 9. ySV3x+4 -4

10. Oceanography Atsunami is a large ocean wave generated by an
undersea earthquake. The formula for a tsunamj’s speed s in meters per
secondiss = 3.1 \/Zl, where d is the depth of the ocean in meters,

a. Describe the domain and range of the function.

b. Determine the speed of a tsunami if the earthquake occurs in a part of
the ocean that is 10,000 meters deep.

¢. Graph the function and use the graph to verify your answer to part b.

Lesson 8-8B Square Root Functions and Relations 537



Practice  Graph each function. State the domain and range of each function.
1. y=V3x 12. y = —V4x
13, y = —2Vx 14. y =5Vx
15, y=Vx+2 16, y=Vx — 17
17.y=-Vex+1 18. y=V3x - 2
19. y=Vx+6-5 20.y=\/;c_—§+3
2. y=VTx—1+2 22. y=2V3 —4x+6

Graph each inequality.

23, y< —6Vx 24. y<Vx + 8
25. y>Vhx+7 26, y2V2x—~17
27. y2Vx—-3+4 28, y<V6x~2+3

Critical  29. In Lesson 6-6A, you investigated the role that a, h, and & played in the
?E’ég@g\zggﬁg% graph of a quadratic function of the form y = a(x — k)? + k.

a. Describe the roles a, h, and k play for the family of square root
functions of theformy = aVx — h + k.

b. Use what you found in part a to describe the graphs of the functions
below without graphing them. Relate your answers to the graph of the
parent function y = V.

y = —2Vx y=Vx~4 y=Vx+3 y=3Vx—-1+5

&g@gﬁa%fé@@ﬁ%@ﬁg and 30. Geometry There are several sizes of ice cream cones available at
Brohlem %@%ggm@ Johnson’s Real Ice Cream Shoppe, but all of them are 5 inches long.

a. Write a square root function that expresses the radius r of the cones as

a function of volume V. Use the formula V = %m’zh, where h is the
height.

b. Describe the domain and range of the function.
¢. Determine the volume of a cone that has a radius of 2 inches.
d. Graph the function and use the graph to verify your answer to part c.

31. Geometry The volume Vand the surface area A of a soap bubble are
related by the formula V = 0.094'\V/ A3,

a. Describe the domain and range of the function.

b. Determine the volume of a soap bubble that has a surface area of
12 cm?.

c¢. Graph the function and use the graph to verify your answer to part b.

d. Does this graph look like the graphs of the other square root functions
you have graphed in this lesson? Why or why not?
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Chapter Review  For additional
lesson-by-lesson review, visit:
www.algebra2.glencoe.com

After completing this chapter, you should be able to define each

term, property,

Algebra

complex conjugates theorem (p. 509)
composition of functions  (p. 520)
depressed polynomial (p. 487
Descartes’ rule of signs  (p. 505)
factor theorem (p, 487

fundamental theorem of algebra (p.503)
integral zero theorem (p. 509)
inverse function (p. 528)

inverse relation (p. 53D

leading coefficient (p. 480)

location principle (p. 494)
polynomial function (p. 479)
polynomial in one variable (p.478)
quadratic form (p. 515)

Choose the letter of the term that best matches each statement or phrase.

1. A point on the graph of a
nearby points with lesser y-coordinates is the

. The _?
with the highest degree.
. The __?

Z€ero.

. When a polynomial is divided b
quotient is calleda __?

polynomial function that has no other

is the factor in the term in a polynomial function

says that in any polynomial function, if an imaginary
number is a zero of that function, then its conjugate is also a

y one of its binomial factors, the

or phrase and give an example or two of each.

rational zero theorem (p. 509)
relative maximum (p. 499
relative minimum (p. 494
remainder theorem (p. 485)
square root function (pp. 530, 535)
synthetic substitution (p. 486)

Discrete Mathematics
fixed points (p. 526)
graphical iteration (p. 526)
iterate (p. 526)

iteration (p. 522)

Problem Solving
work backward (p. 528)

a. complex conjugate heoe o
b. composition of functions

¢. depressed polynomial
d. inverse functions

e. leading coefficient

f. quadratic form

g. relative maximum

h. relative minimum

. A point on the graph of a polynomial function that has no other

nearby points with a greater y-coordinate is the ___ 7

- Fog (x) = Flg(x)] represents a _ 7
C 2 - 17D + 16 = 0s written in __?

. X)) = 6x — 2 and g(x) = ng are "7
[g°f1C0) = x.

since [fo g](x) = x and
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CHAPTER |

Upon completing this chapter, you should be able Use these exercises to review and prepare for the

to: chapter test.

¢ evaluate polynomial functions {lesson 81 | ~ Find p(—4) and p{x + h) for each function.

Find p(a + 1) if p(x) = 5x — x2 + 3x3. 9. p(x)=x—2

pla+ 1) =5(@a+1)~(a+ 1?2+ 3+ 1)3 10. p(x) = x4

=S+ 5-(a2+2a+ 1) +3@ D@+ 2a+1) 1 pC)=6x+3
=5a+5-a%—-2a—1+3(®+3a%+3a+1) 12 p@) =%+ 5

13. p(x) = x% — x
14, p(x) = 2x3 — 1

=50+5—a%—2a~1+3a3+ 9%+ 9a + 3
=3a% + 8a? + 12a + 7

@ find factors of polynomials by using the factor . Use synthefic substitution to find f(3) and
i theorem and synthetic division | -7} f(—2) for each funciion.
Show that x + 2 is a factor of x® — 2x2 — 5x + 6. 15, f() =x2 -5
¢ Then find any remaining factors. 16. F(x) = x2 — 4x + 4

-2 1 -2 -5 6 17. f() = x3 — 3x2 + 4x + 8

-2 8 —6 18. f(x) = x* — 5x + 2
1 —4 3 0 ) . )

z ' . ' *Given a polynomial and one of its factors,
. The remzalnder is 0, so x : 21s %faCtOY of find the remaining factors of the polynomial.

x3 = 2x% — 5x + 6, and x® — 2x% — 5x + 6 = Some factors may not be binomials.

(x + 2)(x2 — 4x + 3).
) 3= 9 ) 19. x3 +5x2 + 8x + 4:x + 1
{ Sincex® —4x + 3= {x— Nk~ 1), 3 o Lo
X3 2x% = 5x 4+ 6 = (x + Dx — 3)(x ~ 1. 20. 27+ AXT A+ Tx o 6+ 2

21, x3 — x% — 4x + 4 x + 2
22, x* — 6x3 + 22x + 15;x + 1

« approximate the real zeros of polynomial * Approximate the real zeros of each function
¢ functions {lesson -3 fo the nearest tenth. Then use the functional
The location principle states that if y = f(x) values to gsruph the function.
i represents a polynomial function, and @ and b 23. h(x) =x"—6x=9
i are two numbers such that f(a) < 0 and f(b) > 0, 2. () =x4+Tx+ 1
i then the function has at least one zero between 25. p(x) = x5 + x4 — 2x3 + 1
i aandb. '

26. g(x) =x3 —x%+1
27. r(x) = 4x% + x% - 11x + 3
28. f(x) = x3 + 4x% + x~2
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